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IMPEINCJIOBHUE

Kypc nekuunii npeaHasHayeH sl CTYJEHTOB CTPOUTEIbHBIX CIEIUATIbHOCTEN
TEXHUYECKUX BY30B U COCTOUT M3 YETHIPEX YACTEH, B KOTOPBIX U3JIAraeTcsi Teope-
TUYECKUN MaTepras Kypca MaTEMATUKH JJIs1 UHKEHEPOB.

B TpeTheli yacTu uznararoTcs CIeayIOLne pa3aeibl: KpaTHbIE U KPUBOJIUHEH-
HbI€ MHTETPAJIbl, JIEMEHTHl TEOPUH TMOJISl, YUCIOBbIE U (PYHKIMOHAIBHbBIE DPSIIbI,
psanbl U uHTErpai ypoe.

B Hauaie kaxx101 €KUY NPUBEICHBI 3ar0JIOBKU pa3eiioB. B cOBOKynmHOCTH
ATH 3aroJIOBKM 00pa3yloT MpOrpaMMy JIHCHHUILIMHBI U SBISIOTCS 0a30i BOIPOCOB
JUISL TECTOBBIX M 3K3aMEHALIMOHHBIX 3aJlaHHil. 3BE3J0YKOl MOMEYEHbI pa3Jebl,
npeaHa3HaYeHHbBIC Tl 60s1ee Ty0oKoro n3ydeHus. B KoHIIe KaXq0i JTEKINH MPHU-
BEJICH CITHUCOK KJIFOUEBBIX HOHSATHM.

B nmexnusx cTyZeHT HaiiieT OCHOBHBIE OpeaenieHus, (GOPMYIUPOBKU TEOPEM,
MPUMEPBI, JEMOHCTPUPYIOIIME METO/IbI PEIICHUSI TUIIMYHBIX 33/1a4. Eciau oTcyTCT-
BYIOT JI0Ka3aTeJIbCTBA KAKUX—JINOO YTBEPKIACHUN, TO POPMYIUPOBKH PE3YIHTATOB
COIIPOBOXKIAIOTCA NPUMEPAMHU, PA3bSICHIIOIIUMU UX CMBICII.

B tekcte IMPUHATHI CJICAYIOMINUC YCIIOBHBIC 0003HAYCHMS:

O | - ompeaencHUe
T| - Teopema
Cc| - cuencrBue

| | - 3aMedyaHue
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Jexknun 1 -4
KPATHBIE UHTEI' PAJIBI

[Tpu n3ydyeHuu (U3MKUA, MEXaHUKU U TPU PELICHUH Pa3HOOOpa3HBIX MHKEHEPHBIX 3a/1a
4acTO BO3HHKAET HEOOXOAMMOCTD HAPsTy C MHTETPaJIaMy OT JICHCTBUTEIBHON (DYHKIIMU OJHOTO
IIEPEMEHHOT0 paccMaTpUBaTh MHTErpayibl OT (PYHKIMH MHOTUX IepeMeHHBIX. TakuM oOpazom,
BBIYUCIIATh MHTETpajibl MO JABYMEPHBIM M TPEXMEPHBIM OOJIACTSM, MO KPUBBIM U
MIOBEPXHOCTSIM, YTO IMPUBOAUT K HEOOXOIMMOCTH 3HATh KpaTHBIE, KPUBOJIMHEHHBIE U TOBEPXHO-

MMPpUXOAUTCA

CTHBIC UHTCTPAJIbI.

N3noxenne 3TUX BOMPOCOB MPOBOJUTCS B €JUHOW CXEeMe, 4eM OOYyCJIOBJIEHO BBEJICHHE

HOHATHS UHTETpaa 1o gurype.

1.1.
1.2.
1.3.
1.4.
L.5.
1.6.

2.1.
2.2.
2.3.
24.
2.5.
3.1.

3.2.

WNuterpanst o ¢purype. OCHOBHBIC OTpEICIICHUS
3anaya 00 OThICKaHUM MAcChl Tea
Omnpenenenue uHTerpaia no ¢urype
Krnaccudukanus naterpanos mo gurype
CBoiicTBa MHTETPAJIOB MO (QUTYPE, ONpPEIesIeMble PABEHCTBAMHU
CBoiicTBa HHTETPAJIOB MO (hUTypE, ONpeaesieMble HEPaBEHCTBAMH
(olIeHKa UHTETPAJIOB IO PUTYPE)
JIBoliHOM nHTErpail. ['eomMeTpruyecKuil CMbICI JBOMHOIO UHTErpaia
Brrunciienue JBOMHOIO HHTErpAIa
3amMeHa NepeMEeHHBIX B IBOWHOM UHTErpaje
JIBOWHOI MHTErpaJl B MOJISPHBIX KOOPAUHATAX.
2.4.1. IuddepeHunanbHbIA 2IEMEHT IO TN
B IIOJISIPHOM CUCTEME KOOPAUHAT
[ToBepXHOCTHBIN UHTETPaAJ IEPBOTO THUMA (POIA)
2.5.1. Brruuciienne mnoBEpXHOCTHBIX HHTErPAJIOB MEPBOTO POIa
TpoitHOM UHTErpa
3.1.1. 3agaya o BEIYMCIEHUN MACChI TEJa
3ameHa nepeMeHHbIX B TPOMHOM MHTETpasie

3.3. TpoitHO# uHTErpan B UAJINHIPUYECKUX KOOPANHATAX

3.4.

4.1.

4.2.

3.3.1. DnemeHT oObeMa B IMIIMHAPUYECKUX KOOPIUHATAX

Tpoiinoii naTErpan B chepuyecknx KOOpaAuHaTax

3.4.1. DnemeHT oO0beMa B chepUUECKUX KOOPAUHATAX

KpuBonuHuelinbie mHTETpaisl nepBoro tuma (poaa). CriocoObl BEIYUCIECHUS
4.1.1. KpuBonMHEWHBIA HHTErpaJl IEPBOTO TUIIA MO INIOCKON KPUBOM
4.1.2. KpuBoJIMHENHBIN HHTETpaJI IEPBOTO TUIIA IO IPOCTPAHCTBEHHOM KPUBOM
4.1.3. 'eomeTpryecKuii CMBbICI JIMHEHHOTO UHTErpaa 1o MI0CKOW KpUBO
MexaHnueckue NpuiIoKEeHUs] UHTErpajioB 1o (urype

4.2.1. lnuHa, muomaab, 00beM QUrypsl

4.2.2. Macca ¢urypsl

4.2.3. MoMeHT nHepIHuH QUTYpPHI

4.2.4. Cratuyeckue MOMEHTHI purypsl. LleHTp TsxecTH Gurypol



Kpammnvie unmezpanut

1.1. MaTerpaJgsl no ¢purype. OCHOBHBbIE ONpeae/IeHUA

0 | lox ¢urypoit (MHOk€cTBOM) @ OyneM MOHUMATh:
1. Otpesok [a,b] ocu OX.

2. Ilnockyro obmacts D miiockoctu XOY.
3. Yactb TpexmepHOro npocrpaHcTsa G.
4. TInocKyo WM MPOCTPAHCTBEHHYIO KPUBYIO L , 33]1aBAEMYI0 YPaBHEHUSIMU:

f<p>-{;‘;<(j;?z)

5. IloBepxHOCTH Z B IIPOCTPAHCTBE.

,rae P(x,y,z) — TOYKa TPEXMEPHOT0O MPOCTPAHCTBA.

0 | Auamerpom d  ¢urypsl @  HasbIBaeTCH :
MaKCHMAaJIbHOE PACCTOSIHHE MEXIY ABYMS TOUYKaMU I
¢urypsl. Ha pucynke d = AB. NS
0 | llox mepoii y Oynem moHumaTh A GUryp: B

1. Jumny orpeska [a,b], p=b—a.
2. Ilnomaas nockoit obnactu D, u=S.
3. O6bem purypet G, u=V .

4. Inuny xpuBoit L, pu=1.

5. Ilmomaas mOBEPXHOCTU Z , =S

nosepx. *

1.2. 3agaya 00 OTBICKAHUM MACCHI TeJIa

[Ipeamonoxum, 4ro ¢urypa @ obramaeT Maccoi, y o
KoTOpas (Macca) paclpelelieHa ¢ INIOTHOCTBIO p(P) B r, p
Kaxoi Touke P(x,y,z)ed. \ D :
3aganauMm IIOTHOCTH B BUJIE:

p(x) - ciyuaii {1}
p(P)=1p(x.y) - {2}
p(x,y,z) - {3'5}

Haitnem maccy durypsl B ciydae 2 (@ - 4acTh IIJIOCKO-
ctu XOY): p(P)=p(x,y)
1. Paccmotpum ciydail OJHOPOJHOTO PACHPEAECIEHUS

IUIOTHOCTH 10 QUrype, T.e. p(P) =const. CnenoBareib-

Ho, m=p(P)-u.



10 Jexyusa I - 4

2. B ciyuae, eciu p(P) # const, pazoobem purypy @ npou3BOJIBHBIM 00pa3oM Ha
n 37eMeHTapHbIX obnacteil @; u BelOepeM Touky P € @. Ilyctb n 1O0CTaTO4HO Be-
JIMKO, YTOOBI [OJIAraTh B KaXIOH dieMeHTapHOi durype p(P)=const. O603Ha-
UM Ay, - Mepy KaKIOW ayeMeHTapHou ¢urypsl @;. Macca 3neMeHTapHON Qury-

pel: Am; = p(P)A,ul Macca Bceit purypor m = Z p A,ul

i=1

1.3. Onpenenenne uHTEerpaJjia no purype

[Tycte nana durypa @ u pyHkuus f (P), P e @, onpenenenHas Ha MHOXe-

ctBe @. Pazobbem ¢urypy @ mpous3BOIbHBIM 00pa30M Ha 7 3JIEMEHTAPHBIX 00JIac-
Teil @; u BeIOepeM Touky P € @. Haiinem nuamerp KaxJ0il aneMeHTapHON Qury-
pel @; 1 0003HAUYUM MaKCHMAaJbHYIO M3 BelIMUUH d,3a r, =max{d.}. HazoBem 7,

panrom pasouenus. Ilpu n —> oo r — 0. Haiinem f (E ) U COCTaBUM HHTErpajb-

HYIO CyMMy Buza: S, Z f A,ul :

i=1
O | Unrerpanom mo ¢urype @ (oO03HAUCHHE J f (P)d M) Oynem HasbIBaTh TIpe-
D
Jie7T UHTerpanbHol cymmbl S, mipu 7, — 0, eciu 3TOT Ipesen CyIecTBYeT U

HE 3aBUCHUT OT cnocoba apoOneHus u BblOOpa Touek PF. Takum oOpazom,

I f ( d U= hmz f A,ul , @ - 0051aCTh UHTETPUPOBAHMUSI.
D

T | Teopema cymecrsoBanus uuTerpaja no gurype. Eciun f(P) HenpepbiBHA

B Nt0OOW Touke P 3aMKHYTOM o0siactu @, TO MHTErpai no Gurype Cyuect-
BYyET.

0 | Obnacte @ Ha3bIBae€TCS 3aMKHYTOM, €CJIM OHA OIPAaHUYEHA 3AMKHYTOW JIMHU-
i1, U TOUKH, JIe)Kal1e Ha TpaHulle, PUHAJIeKaT odsactu .

1.4. Knaccudukanus uHTErpasoB nmo purype
1. Ilycte ¢urypa — yacTth mnpsamMoil, @D <> [a,b], f(P) = f(x) , du=dx,

I f d U= J- f dx - OIIpeJIeJICHHBIN UHTETpal Ha OTPE3Ke [a,b].



Kpammnvie unmezpanut 11

2.

1.5.

®urypa — wacte miaockoctn xOy, @< D, f(P)=f(x,y), du=ds,
If(P)dy = Hf(x,y)dS — nBoiiHoit unterpan ot Gyukuun f(P)= f(x,y)
(<] D

no obmnactu D.

Qurypa — mpocTpaHcTBeHHas obaacte, PG, f(P)=f(xy,z),

du=4dv, Jf(P)dy = Iﬂf(x,y,z)dv — TPOWHOW WHTErpan OT (yHKIUU
D G

f(P)=f(x,y,z) no obmacru G.

Purypa — JHHHMA HA IUVIOCKOCTH WJIM B IpocTpaHcTBe, D & L,

f(P):{f(x,y) , du=dl, If(P)dszf(x,y,z)dl — KpUBOJIMHEHHBIN
f(x,y,z) D L

UHTerpan oT GyHKIuu f (P) 10 KpUBOH L.

durypa — NOBEPXHOCTh, @ <> Z ,f(P) = f(x,y,z) , du=do,
J f (P) dy= ” f (x, y,z)dO' — TMOBEPXHOCTHBII HMHTErpag oT (QyHKUUU
@ 2

f(P)= f(x,y,z) mo obnactn Y .

CroiicTBa nHTErpaJjioB no gurype,
onpeaeJisieMblie PABEHCTBAMHU

JlokazaTenbCTBa CBOMCTB CJIEAYIOT U3 ONPEACIICHUs] MHTETpalia 1o Gurype.

[TycTh mHTErpan no ¢urype cyumecTByer, Toraa:

I.

If d,u cjf d,u,c=const.
JloKa3aTenbCTBO:

_[cf( d,u—hchf A,ul—chme B Ayl—cjf

[(£(P)£g(P))du=]f(P)dut[g(P)du.

D

CaoiicTBo agauTuBHOCTU. [lycTh urypa @ cocTouT U3 AByX 4acTei, T.e.

®=@ U, torma If(P)dy:If(P)dy+jf(P)dy
@ q @
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1.6. CBoiicTBa HHTErpaJioB No gurype, onpeaeaseMblie
HepaBeHCTBAMHU (OLIEHKA MHTErPaJIOB Mo (purype)

1. Ecnu gy mo00it Touku P e @ f(P)>O TO If( )d,u>0

2. Ecnu pis mo0oit Touku P e @ f(P) , TO If a’,u>jg(P)d,u.

D

3. Ecnu cymecTByIOT Takue aBa uncia m, M, uto m < f ( ) <M, 10

m,uSIf d,uSM,u,rz[e L —mepa D.
[

Ilpumep:

b

1) m(b—a)éjf(x)deM(b—a).

a

2) mS< [ f(x,y)dS<mS.

3) mVSHIf(x,y,z)deMV.

4) mLSIf(x,y,Z)dlSML.
L

S5) mS,, < ” f(x,y,z)da <MS,,
)y

T | Teopema o cpennem. Eciu ¢ynkumst f(P) HempepbiBHA B 3aMKHYTOl

OorpaHM4eHHOl obnactu @, TO cyuiecTByer Touka Pe@, Takas, 4TO

BBITIOJTHSACTCS PABEHCTBO: J f (P)d u=uf (1_3)
[

DU3NYECKUH CMBICJ TEOPEeMbI 0 CPEeAHEM

[Iycts ¢urypa @ oOmagaeT Maccoil, pacnpeneleHHON C IUIOTHOCTBIO
f (P): p(P) TOorga m = J f d u=uf ( ) B ciyuae mpocTpaHcTBeHHOU (u-

rypbl Mepa (pUrypsl paBHa oobemy pu =V, m= Vp(I_J), p(P) :% - cCpeaHee 3Ha-

YCHUC IIJTIOTHOCTH.
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I'eomeTpuyecKkuil CMBICJI HHTErPaJIOB MO ¢durype

ITycts f(P)=1, Torga uaterpan mo ¢urype GyneT paBeH MEpe COOTBETCT-

BYIOLIEN (QUTYPBHI, T. €. Jd M = . B YacTHBIX cirydasx:

D
b

1. [dx=b—a - puna otpeska [a.b].

a

2. I dS =S - momiaas odnactu D.
D

3. _Ud V =V -o0beM npocTpaHcTBeHHOM o0actu G.
G

4. [di=1L - JUTAHA JTUHUHA L.
L

3. H do = SZ - TUIOIIA/Ib TOBEPXHOCTH Z .

MexaHu4eCcKHid CMBICJI MHTErPaJIoB 1o ¢gurype

Ecnu dyskims f(P)= p(P) sBusercst MIOTHOCTBIO GUTYPBI, TO Macca (-
Typbl BBIPAXKAETCA MHTErPAIOM 10 (QHUrype

Jp(P)dy:m.

2.1. /IBoiiHOM uHTErpaJ. ['eoMeTpru4yecKU CMbICJ
ABOWHOI0 HHTErpaJja

PaccMoTpum ¢urypy, KoTopasi sSBIS€TCA 4acThio MIOCKOCTH xOy: @ <> D.
WNurerpan nmo ¢urype B JaHHOM Cily4ae SBISICTCS JBOMHBIM WHTErPajioM OT (PyHK-

wiu f{P)= f(x,y) 1o obaactu D: j j F(P)dS = }in%% F(P)AS. .



14 Jexyusa I - 4

3amaya o BoIUMCJIeHMH 00beMa Tesia
Haiinem o0BbeM Tella, OrpaHUYECHHOTO CBEPXY
HETMPEPhIBHON TMOBEPXHOCThIO z = f(X,y), CHHU3Y

3aMKHYTOM o0OsacThio D tmiockoctu xOy u cOOKy

UUJTMHIPUYECKON MOBEPXHOCTHIO, 00pa3yroliue Ko-
TOPOM MapajuieNbHbl ocu Oz, a HANTPABIISIOLIEH SBJIS-
ercst rpanuna /" oonactu D .

Pa3o0beM ocHOBaHMe [ Ha KOHEYHOE YHCIIO
dIIeMEHTapHbIX sfueek AS),AS,,...,AS . B kaxnon

sqelike BbiOepeM Touky M. (x,,y,)€AS; (i=1,2,...n)
U MIOCTPOUM CTOJIOUMK C OCHOBaHMEM AS, U BBICOTOM
MN; = f(x, ).

Ecnu npuOnImxeHHO NPUHATH KaXKIblid CTOJIOUK

3a MPSIMOM LMIUHIP, TO B 3TOM HPUOIMKEHUU €ro
oobeM paBeH AV, = f(x,,,)-AS,, a 00beM Bcero Te- %

J1a TPUOJIMKEHHO paBeH V ~ Z f(x;,¥.)AS; . Ilepeiinem k npeneny

i=l1

v =timY f(x,5)AS, = [[ f(e.p)dS = [[ f(P)dsS .

1,0 =1

BeiBox: ecniu f(x,y)>0, T0O ” f(x,y)dS npencrapnser 06beM KpUBOJIUHEHHOTO
D
WIMHPA, TOCTPOCHHOTO Ha 00J1acTH D W OTpaHUYEHHOTO CBEPXY MOBEPXHOCTHIO

(%)

2.2. BolunciieHUue IBOMHOI0 HHTErpaJjia

PaccMoTpuMm mpsiMOyrosnbHyro o0sacte uHTerpupoBanuss D ={xe€[a,b];
velec,d]}. Halimem o0bem Tena, OrpaHUYEHHOTO MOBEPXHOCTBIO z = f(X,)),

TUIOCKOCTBIO z =0 W MUIUHAPUIECKON MOBEPXHOCTHIO, 00pa3yrolre KOTOPO ma-
payenbHbl ocu Oz, a HaNPABISOIIEH CITY)KHT TpaHuiia oomactu D .

Beraucianm 00beM 1o MIOMAIsIM MMapaljIeIbHbIX CEUCHUH.

[TpoBeneM 1miI0CKOCTh X =const (a<x<b). durypa, nmojayJaromascs B ce-

YEHUH, TIPEJICTABIISICT COOOM KPUBOJIMHEHHYIO TPAICIHIO, OTPAHUYCHHYIO JIMHHSI-
mu:z = f(x,y) (x=const), z=0, y=c, y=d. Ilnomans ceuyeHus paBHa:

S(x)= [/ (xy)dy.
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O0bem Bcero Tena paBeH
b

V= jS(x)dx = .[U{f(x, y)dyjdx.

a
Panee ObutO MOKa3aHO, 4TO 0OBEM TaKOTO Tela pa-
BEH JIBOMHOMY MHTerpaity oT f(x,y) mo obmactu D,

TaKuM 00pa3oMm:

”f(x,y)dxdy = J( f(x,y)dyj dx .

D a

AHAaJIOTUYHO: ” f(x,y)dxdy = ]{dyi f(x,y)dx.

3anuch JBOMHOIO MHTErpaJia
! b(d
” f(x,y)dxdy = J‘U f(x, y)dy} dx Ha3BIBAIOT

D

MOBTOPHBLIM UHTCIPAIOM, IIPHU OTOM

d b
j f(x,y)dy - Ha3pIBalOT BHYTPEHHHM, 2 j {...}dx BHEHIIHHUM WHTETPAJIOM.
c a

PaccmoTpum npou3BoIBHYIO 00J1aCTh HHTETPUPOBAHUS.

0 | Obnacte D B muockoctu xOy Ha3bIBaeTCs NMPaBUJIbHOM B HANpPAaBICHUU )

WIM X, €CIU KaKaas npsiMasi, napajulesibHasi COOTBETCTBYIOLEH KOOPAUHAT-
HOM OCH M MPOXOJsiIlas 4epe3 BHYTPEHHIOK TOUKY 00JaCTH, IEPECEKAET Ipa-

HHULY 001acTu B ABYX TOYKax.

y , bt
' D
-ﬂ. [pas.
0 X 0

T | /IBOiTHOI MHTErpan OT HENPEPHIBHOM HyHKUIUU

f(x,y) mo mpaBwibHOU oOnactu D paBeH

JBYKPAaTHOMY MHTErpaigy OT 3TOH (yHKUUH IO
obnactu D .

ITycte D - npaBuwibHasi 00JacTh B Hampasiie-
Huu Oy, OrpaHUYEHHAs JIMHUAMU: ) =@, (X),

y=¢,(x), x=a, x=>b.
Torna

[] G, yydxdy =

b

2 (x)

D
HEIIPaB.
X
y
y=0,(x)
ERCGE
0 a b X

[| | reyay|ax.

a

@ (x)
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PaccmoTpenre mpoBOAMTCS aHAIOTMYHO NPEABIAYIIEMY CIYy4Yar; MpPU 3TOM

IiomaAab CCYCHUA BBIYUCIIACTCA TAK:
®(x)

S()= [ Sy,
o1(x)
b b( ¢(x)
a o0bem Bcero Tena: V= I S(x)dx = I I f(x,y)dy |dx.
a a\ ¢ (x)
Taxum obpazom,
b ¢x(x)
[[fyydedy={| [ fCxp)dy|dx.
D a\ ¢ (x)

Ananoruuno, ecnu D - mpaBWIbHasg o0nacTh B HampaBieHun Ox, OrpaHu-
YeHHas JJUHUAMH X =/, (), x=y,(¥), y=c, y=d ,To 00beM Tena paBeH

df v,(»)
[[fCepyaxdy=[| [ fCepdx|dy.
D e\ ()

1). IIpaBuI0 BHIYUCJICHUSA IBOMHBIX HHTEIPAJOB. /(151 TOro 4To0ObI BBIUKC-
JUTh JBOMHON MHTErpaj Mo MPOU3BOJIBHON IpaBuiIbHOW oOnactu D, HEOO-
XOJIUMO CBECTH €ro K MOBTOPHOMY (IBYKpPAaTHOMY) MHTErpaly U IPOUHTETPU-
poBaTh (PYHKIHIO [0 OJHOM U3 MEPEMEHHBIX B MpEAeIax, COOTBETCTBYOLIUX
IIPOU3BOJIBHOMY, HO HEM3MEHHOMY 3HAYEHUIO APYTOM IEPEMEHHOM, a 3aTeM
pe3yabpTaT MPOUHTErPUPOBATH B IIPEAENaxX €€ MOJHOIO H3MEHEHMUS.

2). TlpencraBieHue JBOMHOTO HMHTErpajia B BHJE JBYKPATHOT'O 3aBHCHT OT
Buga oomactu D .

3). Ilopsimok MHTErpUpOBaHUS MOXKET OBITh U3MEHEH B COOTBETCTBHM C pa-

b @, (x) d w2 (¥)
BEeHCTBAMMU j j f(x, y)dxdyzj dx j f(x, y)dyzj dy j F(x,v)dx.
D a o (x) c v (»)

4). Eciin obnacte D HenpaBuibHas, TO €€ pa3OMBAIOT HA KOHEYHOE YHUCIIO
IPaBUJIBbHBIX 00sacTell D, 1 Ha OCHOBAaHUM CBOWCTB IOJIATalOT, YTO ABOMHOU

UHTErpan 1no obisactu D paBeH CyMMe JBOMHBIX HHTErpajoB IO oOjac-
M D,.

5). BHenHui uHTErpai BCerja BbIYUCIAETCS B IOCTOSIHHBIX ITpeiesax.

6). Eciin nipenenbl MHTErPUPOBAHUSI B MIOBTOPHOM MHTErpalie OT HENPEphIB-
HOM (QYHKIIMM KOHEYHBI U MOCTOSTHHBI, TO PE3YyJbTaT HE 3aBUCHUT OT MOPSIKA
VHTETPUPOBAHUS.
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Ilpumep:

Ilpumep:

Brrancnure ” xy’dxdy , ecnu obmacth D 3ajaHa HEPABEHCTBAMU: 0<x<I,
D
-2<y<3.
Pemenmue:
1

2
Ijxyzdxdy J.xdxjyzdy dex— jx(27+8j —3—35%

-2 ) 0

! 3
'”xy dxdy = J;y dy'([xdx— '[yzdy—zo ——J.y ly = ;)}3

-2

Ilpumep:

Brrunciaure J- j x2 ydxdy ,TI€ D - TpeyroJIbHUK C

D A B
BepminHaMu: 0(0,0), A(2,0), B(2.,1).

Perenue:

@ ----

Obnacte D, OrpaHuuY€HHas MPSIMbIMU: =0, ol 1

al . 11
y=s X= 2, sBasieTcs npaBuiabHOU. [Ipu duk-

X
CHUpPOBAaHHOM x y HU3MEHSIETCS OT 0 OO0 EZ

x/2 x/2

J.Ix ydxdy = J.x de.ydy I de

AOAB

2

17 | x5
=—J.x4dx:—x—
80 8 5

N3menutn MOPAIOK UHTCTPUPOBAHHMA B IOBTOPHOM MHTCTPAJIC:
1 x
[ [ £oe,y)dy.
0 X2

Pemenue: =x
O6nacte uHTErpUpoBaHus D OrpaHUYeHa MPIMOIl B

9] 2
y=x u napaboyioil y =x" u SBISETCS MPaBUIIb-
HOU Kak B oTHomeHuu ocu Ox, Tak U Oy ¢ BEpXHEH

rpaHuuell y=x W HwkHell y=x’. Bcsakas nps- 01
Mas, napajenbHas ocu Ox, IepeceKkaeT TPaHUIly
obiacti He Ooiee yeM B JIByX TOYKax, ClieJ0Ba-
T€IbHO, MOXHO BBIUMCJIMTH HWHTETpall, MoJjaras
BHEUIHHWE Ipenenbl uHTerpupoBanus y =0,y =1.

[Tpu 3TOM mpenensl BO BHYTPEHHEM UHTerpajie Oy-
IOyT UMEThb BUJ: HWKHUM NIPEAEIT X, =V, BEPXHUU X, = +4/) .

1 x 1y
Takum oGpa3zom: dej f(x,y)dy = jdyj f(x,y)dx
0 x2 0 y

17
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Ilpumep:
PaccraBuTh npenesbl MHTErPUPOBAHUS B IBOTHOM
UHTErpaie, eciiv 001aactb D — KOJIbLO.
2 2
x +y =1
D: 4
x*+y? =4
D — HenpaBumiibHas 001aCTb.
Pa3o6rem ee Ha yeThIpe MpaBUIIbHBIX 00JACTH:
(o= [Tt ([t [ (]
D D, D, Dy Dy
I'pannniaMu npaBUIIbHBIX 00JaCTE SABIAIOTCS AYTH COOTBETCTBYIOIIUX OK-
pyxuocteiit ¥ =+\1—x", y =44 —x> unpambie x =+1.
O S oy
D D D, D, D,
-1 V4-a? 1 4-x7 2 4—x? 1 —1-x?
= J‘dx I dy+jdx J dy+J‘dx j dy—i—jdx J ..dy.
-2 —\4-x? -1 1-x° 1 —V4-x2 -1 —V4-x2
Ilpumep:

. . y
Haiitu nomans gurypsl, orpannueHHoi mapadonamu D : {

Pemenue:
[Tonmaraem f(x,y)=1;

X

[ £ yyds =ijdS _ gdxdy=idxfdy=I(y

D

f)dx:

1

2
X

=j‘(\/;—xz)dx=j.x/;dx—j‘xzdx=§xz
0 0 0

1

3
—X

0o 3

2.3. 3aMeHa nepeMeHHbIX B IBOMHOM MHTerpaJe

B HEKOTOpBIX ciaydasix BBIYMCICHUE JBOWHBIX WH-
TErpajiOB 3HAYUTEIIBHO YIPOIIAETCS, €CJIM U3MEHUTD
00J1aCTh UHTETPUPOBAHUS, OCYIIICCTBUB 3aMEHY

L D
R
/

Av /
IIEPEMEHHBIX B JIBOWHOM MHTErpalle. </
Paccmotpum ” f(x,y)dxdy . Eciniu koopJIMHATHI X
D 0 Au u

U Y SBISIOTCS (DYHKITUSIMHA HOBBIX TIEPEMEHHBIX U U

x =x(u,v), .
V. ) TO Kaxaou Touke M (x,y) Ha MIOCKOCTH x(OJy OJIHO3HAYHO COOT-

y=yu,v),

BeTcTBYyeT Touka M '(u,v) Ha mockoctd uOv, a 9ucia ¥ W vV HA3bIBAIOTCS KPH-
BOJIMHEHHBIMU KOOPAUHATAMHU TOYKU M .
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[Ipu sToM o6nacte D otoOpa3urcs B 00JacTh Y
D' wa mmockoctd uOv, ¥ KaKIOMY 3HAYCHUIO
f(x,y) Bobnactu D COOTBETCTBYET TO K€ 3HAUCHUE

f(u,v)= f(x(u,v),y(u,v)) Bobaactu D'.

Pasbuenne obmactu D' Ha TPSAMOYTOJBHBIE 0 x
IUIOLIAIKM MPUBOJIUT K pa3Ouenuro obmactu D Ha
KPUBOJIMHENHBIE YETBIPEXYTOJbHUKM ¢ BepmmHamu  B(x,y), B(x,,»,),

P(x;3,9), B(x,0,), toe x, =x(u,v), x,=x(u+Au,v), x;=x(u+Au,v+Av),
x, =x(u,v+Av), v, =y(u,v), v, =y(u+Au,v), Yy =y(u+Au,v+Av),
v, =yu,v+Av).

3amensis mpupamenus GyHkouit x(u,v) U y(u,v) COOTBETCTBYIOIIUMHU TU(-

of of

depennuanamu o dopmyne f(u+ Au,v+Av)= f(u,v)+—Av+—-—Au, MOXHO
ov ou
cuurath, 4ro X, =x(u,v), x,=x(u,v)+ @Au , X =x(u,v)+ X A+ ﬁAv,
ou ou ov

ox oy oy oy
x =x(u,v)+—Av, v =y(u,v), v.=y(x,y)+—Au, yv. = y(u,v)+—Au+—Av,
, = x(u,v) 5 y(u,v), y,=y(x,y) 2 0 s y(u,v) W P
y, = y(u,v)+%Av. UeThlpexyTroJbHUK MPU 3TOM MOXKHO paccMaTpUBaTh Kak Iia-
v

paiuteniorpamM. Ero miomans

.=y, Y,—),
= |G, = x)(0, = v,) = 0, = x,)(0, = v,)| =

= ‘(a—xAu +a—xAvja—yAv—a—xAv(a—yAu+a—yAvj

ou ov ov ov ou ov
Ox  Ox
= (a—xa—yAuAv—a—xa—yAuAvj = (6_x§_y_8_x8_yjAuAv | |ou OV Aulv |.
ou Ov Ov Ou Ou ov Ov ou 5_y 5_)/
ou Ov
o
ou Ov

Onpenenurens J = Ha3bIBACTCS IKOOMAHOM ITpeoOpa3oBaHUS.
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[IpenenbHbI nepexo NP HEOIPAHUYEHHOM BO3pACTaHUM 4yucia pa3OueHui
00J1aCTH JJI1 COOTBETCTBYIOIIMX MHTETPATIbHBIX CYMM MPUBOAUT K (HOpMyJie mpe-
0o0pa3oBaHMs KOOPAUHAT B IBOWHOM MHTErpa’e:

ox Ox
_ _|ou ov
S, y)dxdy = || f(x(u,v), y(u,v))|J |dudv, tne J = :
b i @y ¥
ou 0ov
Ilpumep:
Brruuciure I (y — x)dxdy , ecu o0aacTh D 3ajaa- N ,
D 5 D
x 7
Ha ypaBHEHUSAMHU y=x+1, y=x-3, y:—§+§,
7
y= —%x +5. -3 ol3 |1 u
Pemenne:
=y—X
Cnenaem 3aMeHy NEPEMEHHBIX: x Torma obmactb D' Oyner 3aja-
=y+-,
3

,v=>5. Jlns BeluMciIeHus sikoOuaHa rnpeoo-

BaTbCA NPAMBIMU: u=1,u=-3,v=

3 3 1 3
Aa30BaHU BbIpA3UM x U qgepe3 u U v. x=——u+—v =—u+-—v.
y 4 s VY

4 4 4
or o] |33
"4 4 9 3 3
IIpn 3TOM J=|0u ovi_| 4 4__~7 - __° " J- —x)dxdy =
p » 7|1 376 16 a D(y )dxdy
ou Ov 4 4

:LJ;K%M+%vj—(—%u+%vﬂ-%dudv=Lj%ududv= ij%ududv=—8.

7/3-3

2.4. /IBOiTHOI MHTErPaJI B MOJSIPHBIX KOOPAUHATAX

[lepeiineM B MONSPHYIO CUCTEMY KOOPAMHAT X = OCOS®, )y = PSIN@ M BbI-
yucIuM sikoObuan nepexona: Ecnmu u =@, v=p, x= pcose, y = psing, 10

ox Ox
op Op| |cosp —psing 5 .
J= = . = pCcos @+ psin = p,
oy Oy| |singp pcose
op O

[[fCeyydxdy=[[ f(peose, psing)- pd pde
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2.4.1. IudpPepeHunanbHbIH 3JIeMEHT 10U
B NOJIAPHOM CHCTeMe KOOPAMHAT

Pa3o0Obem 00nacTh MHTETPUPOBAHUS HA dJIEMEHTap-
HblC sYCHKH AS; C TIOMOIIBIO KOOPIMHATHBIX JIMHHUIA:
p=p; - OKPYXKHOCTH, @=¢; - IJy4d, TOI/a
Ap,=p,—p;>» Ap, =@, —¢,. Tak Kak OKPYKHOCTH
OPTOTOHAIBHBI PaIMyCcaM, TO BHYTPEHHHE siueiku AS; ¢
TOYHOCTBIO J0 OECKOHEYHO MajbiXx 0o0Jieeé BBICOKOTO
NOpsIAKa MaJOCTH OTHOCUTEIIBHO MX IUIOHIAAN MOYKHO

paccMaTpuBaTh Kak MPSIMOYTOJBHHKH CO CTOPOHAMHU
p;-Ap, u Ap,, nootomy AS, = (p,Ap,)-Ap,. Sueiikamu

HeTnpaBUIbHOU Gopmbl mpeHeOperaem. [lepexoast k mpe-
JeNy, TOXYYHM, YTO JBYMEPHBIH 3JIEMEHT IUIOMAIN B
MOJISIPHBIX KOOpAWHATaxX paBeH dS = pd pd .

! | 1). UurerpupoBanue B HOIAPHON CUCTEME KOOPIH-
HAT YJI0OOHO HCIOJB30BaTh, KOTraa obsacte D orpa-
HUYEHA JyTaMH OKPY>KHOCTEH.

2). B monsipHbIX KOOpAMHATaX BHEIIHWI WHTErpal
IpU CBEICHUM €ro K MOBTOPHOMY MOJKET BBIUMC-
JSATHCS MO YIJIaM.

[Tycth 0oOnacTe WHTErpHpoBaHus D ompenensiercs

HepaBeHCTBaMU: a <@ <, p(p)< p < p,(@), TIE
p(@) m p,(p) - ONHO3HAYHBIC HENPEPHIBHBIC

dbyHKIIMK HA OTpe3ke [, F].

B p2(9)

[[ 1.0y pdpdo=[dop | f(p.0)pdp.

a A (@)

S

X0

3). B nossipHbIX KOOpJIMHATAX BHEIIHUI UHTETPall MOKET BBIYUCISATHCS U IO
nossipHoMmy paauycy. [lycts o6nacte unterpupoBanus D omnpeaensieTcs: He-

paBeHcTBaMu: R < p<R,, ¢(p)<@=<p,(p), rae ¢,(p) u @,(p) - omHo-
3HaYHbIe HENPEPhIBHbIE (PYHKIMH Ha oTpe3ke [R, R, ].

»(p)

Hf(p,(p)pdpd(p=fpdp | F(p.p)dp.

D R 21(p)
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Ilpumep:

Ilpumep:

3anucath B HOJSPHBIX KOOPUHATAX ABOWHON HHTErPaj
o obiactu D:

x*+y’ =1
, , - KOJIBIIO.
x“+y =4

Perntenue: nmoyspHpie KOOPMHATHI

X =pcos@,y = psing.
p’cos’ g+ p’sin’p=1, p>=1, p =1,
AQHAJIOTUYHO P, =2 .

OOGuiacTh MHTErPUPOBAHUS B IOJISIPHBIX KOOpauHaTtax D' —
npsaMoyroibHukK: 1< p<2, 0<@p<2rx.

[[ G yaxdy=[[ f'(p.0)pd pdip = = j dqopf f(p.o)pdp.

p=1

Ilpumep:

Beruucnure _U dxdy y

T 5 rae D - nepBas 4YETBEPTh Kpyra
D \/ X +y

R =1 c uenrpom B Touke 0(0,0).
o= x2+y2,D.'OS¢)S%, 0<p<l.

7/2
B[220 [ apag- | o] dp=51-7.

Haiiti 00beM Tena, eciiu OHO 33J]aeTCsl TOBEPX- A
2

z=1-x*— )l
HOCTsIAMMU:
z=0.

Pemenue:
OO06macTh WHTErPUPOBAHUA — MPOEKIHS (DUTYPBHI

Ha muockocth xQOy. Ipammma D: x> +y° =1 -
OKPY’KHOCTb.
r=1

I[lepeiieM B MONSAPHYIO CUCTEMY KOOpAWHAT: D' : ,
0<p<2rm

v =[] f(x.y)dxdy = [[(1-x - y*)dxdy =

:J-J'(l—rz)rdrdgo = ngpj.(l—rz)rdr =

1 1.1 27 27 o«
d —_———) = = = —.
I ¢(2 4) 4(”| 2

2z 2 4
—(do—_1y = Rl
Jar =Pl =] =
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2.5. IloBepXHOCTHBIM HHTErPaJI IEPBOro TUINA (Poaa)

[ToBepXHOCTHBIE MHTETPaAIbI IEPBOIO THIA — 3TO 0000UIEHUE JBOMHBIX UHTE-
rpanoB 1o obsactu D . Paccmorpum Qurypy, Kotopas SBJISIE€TCS NOBEPXHOCTHIO
Y ; @ — X. Hnaterpan no purype B JaHHOM CIIy4ae SIBJIS€TCS IOBEPXHOCTHBIM HH-
Terpangom mnepBoro poaa ot pyakiuu f(P)= f(x,y,z) 10 MOBEPXHOCTH X :

[[ 7(e.y.2)do =lim 2 £(P)AG,
5 - —0i=

2.5.1. BorunciieHue NOBEPXHOCTHBIX HHTEIPAJIOB MEPBOIo pojaa

Borunciaum j I f(x,y,z)do . lycts f(x,y,2)>0, a noBepxHOCTh % 3ajaHa
z
ypaBHEHUEM z = | (x, y).
Jlemma. [linomane npoekuuu mioCKOro y4actka OJHOW IIOC-
KocTH P, Ha Jpyryio P, paBHa IUIOILAAM CAMOIO y4acTKa, yM-
HOKEHHOW Ha MOMAYJb KOCHHYCa ABYTPAHHOTO YIJIa MEXIY
IIOCKOCTSIME: S, =S -‘cos go‘.

JlokazaTesnbCTBO:
S=1l-a; Snp =a 'l"COS(p‘ = S‘cosgo‘ (TOCKOBKY Snp >0,

KOCHUHYC OepeTcs 110 MOAYJIIO).

[Tycth TpeOyercs BBIYMCIWTH MOBEPXHOCTHBIM HHTE-
rpajl mepBOro pojia rno noBepxHoctu . O6nactb D sBIseT-
Cs MPOEKLMEN MOBEPXHOCTH X Ha IUIOCKOCTh xOy. YUepes

TOYKY IOBEPXHOCTHU A()_c,)_/,f) IIPOBEJIEM KacaTeJIbHYIO IUIOCKOCTh. Ee ypaBHe-
_ Oz _\ Oz _
HUE. Z—Z :a—(x—x)+a—(y—y). BriOepemM 4acTh MOBEPXHOCTH do U CIPOCK-
X 04

TUPYEM €€ Ha KacaTelbHYI0 MIOCKOoCTh. O003HauuM npoekuuio do. bynem cum-
TaTb do~do. OO003HaYMM  7i- HOpPMallb K KacaTelbHOW IUIOCKOCTH:

ﬁ[@’%’—lj_ TockoubKy k (0,0,1)- Hopmans k xOy, TO yrol @ - yrol Mexniy

KacaTeJIbHOM TNIOCKOCTHIO U TNIOCKOCThI0 OX) paBeH yIily MEXIy BEKTOpaMHu 71 U

Hatinem cBs3b mexay dS (mpoekiueit do Ha minockocth xOy ) u do
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G |

il (2] (2]
ox oy
1
= B IPE/ICTIe MpH
(82)2 0z x
1+ — | +| —
ox oy
ds
‘COS¢

cCosQ =

‘cos go‘ =

, do=

b

r =0, do=do, dSde'-‘cosgo

2 2
do=dS - 1+(%j + & ;
ox oy

Lj f(x.y,2)do = i j (=, y,z(an’))dS'\/l+(%T {%I |

X oy

Tak 3anuchiBaeTCs TMOBEPXHOCTHBIM MHTErpall, €CJIM I[OBEPXHOCTh 3aJlaHa
ypaBHEHHUEM Z = z(x, y).

ECIH HOBEPXHOCTS 3a/1aKa ypaBHeHEeM ¥ = y(x,2), T0
Ljf(x,y,Z)dG=lﬂf(x,y(x,2)a2)'\/(y;)z +(y1) +1.dS.

AHasorudHo, eci x = x(y, z):z TO
Ljf(x,y,z)da:ﬂf(x(y,z),y,z)-\/1+(x;)2 +(x)-ds,

D,.- npoexkunu % Ha miockocta Oxz, Oyz .

roe D

xz?2
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3.1. TpoiiHoi uHTErpaJ

PaccMoTpum ¢urypy, Kotopasi sBIS€TCS TMPOCTpaHCTBEHHOH obOnacteio G .
WNurerpan nmo ¢urype B JaHHOM Clydae SIBISETCS TPOMHBIM WHTErPajoM OT (PyHK-
muu f(P)= f(x,y,z) o nmpocTpancTBeHHO obnactu G :

_[f(x»yaz)d,tl=ﬂjf(x,y,z)dlf =limé:f(PI.)AVi,

r,—0

Obnacte G OyneM Ha3bIBaTh IPAaBUIBHOMN B HampasieHUH ocu Oz, €Clu:

1) mobas npsamasi, mapauienbHas ocu Oz, mepecekaeT rpanuily oonactu G He 60-
Jiee 4eM B JIBYX TOYKaX;

2) obnacte G MPOEKTUPYETCS Ha KOOPAMHATHYIO IIOCKOCTh OX) B MPaBUIbHYIO
IUIOCKYIO obnacth D ;

3) nmro6as yacth 0obnacti G yAOBIETBOPSIET MEPBBIM JBYM ITyHKTaM.

[TpumepoM Takux oOaacTel SABISIETCS AIUIUIICOU, KyO, apaiesenune.

3.1.1. 3aga4ya o BLIYMCJIEHHH MAaCChI TeJa

[lycte oOnacte V' sBhsieTcss MpaBUJIbHOW B
HarpaBiieHuu ocu Oz, TO €CTb OTPAHUYEHA CHUBY
U CBEPXY COOTBETCTBEHHO OJIHO3HAYHBIMH HETIPE-
PBIBHBIMU ~ IOBEPXHOCTSAMU:  z, =z(X,y) H

z, =2z,(x,y), IpuueM Mmpoekiueit odiractu V' Ha

KOOPAMHATHYIO IUIOCKOCTh (OX) SBISETCS IUIO-
ckasg obsacte D, orpaHUYEHHAS JIMHUSMMU:
y:yl(x), y:yz(x), x=a, x=b.

[Tpsimast, napamnensHast ocu Oz, nepecekaeT KOOPANHATHYIO IIOCKOCTh Oxy
U MOBEPXHOCTU z, = z,(X,y) U z, =2,(X,)), COOTBETCTBEHHO, B Toukax M (x,y,0),
M (x,y,z,), M,(x,y,2z,). OTcroga cienyer, 4To Ipu (PUKCUPOBAHHBIX 3HAYECHU-
X (x,y)€ D cOOTBETCTBYIOIIME aNIIMKAThl z TOYEK 00JacTh V' M3MEHSIOTCS B
npenenax: z,(x,y)<z<z,(x,p).

[Tycth Teno V' matepuasibHO, a 00BEMHas NIOTHOCTL o = p(P) = p(x,y,z)=
=f (x, y,z). I[lo  ¢usmueckomy  cMmbicay  HMHTerpaia 1o  ¢urype

m= ”I p(x,y,z)dV . Beraucaum Maccy HaHHOTO Tena. s 3TOro paccedeM Telo
V
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IIJIOCKOCTAMHU, IapaJlJICIbBHBIMHA KOOPAWMHATHBIM ITJIOCKOCTAM:

X, X+Ax
Y, y+Ay
z, z+Az

OTHMU IUIOCKOCTSIMHU TEJIO pa3OUBAETCs HA Mapaie-
Jenuneasl, 00beM Ka)IOro U3 KOTOPBIX PaBHAETCA
AV, =Ax,-Ay,-Az,. Belbepem B mpenenax KaxKIoro

U3 HUX 10 Touke M, (x,,y,,z;).

[Tpumem nmpubNIMAKEHHO, YTO B MpeAenax yacTh AV, IUIOTHOCTb MOCTOSIHHA U

1

pasa p(x,y,z). Torma macca dactu AV, paBHa m,.zp(x., y,.,zl.)-AV,.,

n

m, ~ p(x,,,,z;)- AS, - Az,, a Macca Bcero Tena paBHa m=~ Y p(x,y,z)AV . Ecu
i=1

JIMAMETPBI BCEX SIEMEHTAPHBIX YacTel CTpeMATCs K HyJIio, TO B MpeJele 3TO pa-

n
BEHCTBO CTAHOBHUTCS TOYHBIM U m = lim Z px,y,z)AV. , 1, >0, AV, >dV,
j=1

max a’i—>0
im

AS, — dS . Berancnum maccy CTOJIOMKa ¢ OCHOBaHHEM dS :
z(x,y)
m, =dS _[ p(x,y,z)dz.

z(x,y)

max d; —0

n
Macca Bcero tena m = lim Zml.ASl. ,
i=1

(%)

clIeJOBATEIILHO, M = ”dS j p(x, y,z)dz.
D Zl(x>y)
Takum o6pasom ”ff(x,y,z)dV = ” dSZZ(ji’y)p(x,y,z)dz.
14 D 7(x,y)

I[J'I?I BBIYHMCIICHHUA J“”. HGO6XOI[I/IMO BBIYHCJIIUTb UHTCIPAJI 110 nepeMeHHoﬁ z,
V

cuuTasa x u y (1)I/IKCI/Ip0BaHHBIMI/I IMNCPCMCHHBIMU, d 3aTCM BBIYHUCIINTDH J.J‘ I10

MPOEKITNH 3TOro Tena D Ha miaockocTh xOy :

2(x) z(x,y)

”J‘f(x,y,z)dV:jidxyj dy | f(x,,z)dz.

a  nx) =zl
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Takum 00pa3om, 4TOOBI BHIYUCIHUTH j j I 10 MpPaBWIbHON obOsiactu V', HEOO-

XOJIMMO BBIYHCIIUTh TPEXKPATHBIA IOBTOPHBINA MHTETPAI.

1). dV =dxdydz wnaspiBatoT nuddepeHnrantbHbpIM 3JIEMEHTOM O00beMa B Jie-
KapTOBO# crcTeMe KOOPIMHAT.

2). B NOBTOpHBIX MHTErpanax Mpeaesnbl UHTErPUPOBAHUS MOTYT 3aBH-

CCTb TOJIBKO OT TC€X NCPEMCHHBLIX, IO KOTOPBIM CIIC HC INPOBCACHO MHTCTPU-
poBaHHC. Bremnmi HHTCTPAJ BCECraa BbIYUCICTCA B IIOCTOSHHBIX ITPCACIax.

3) Ecnm obnacte D 3ajaHa HepaBeHCTBaMu ¢ < y <d, x (y)<x<x (), TO

xz()’) 2 (x.»)

mf (x, y,2)dxdydz = de [ ax [ feoy.2)de.

Ilpumep:

¢ Xl(J’) Z](XJ)

Z R €00

Brruucnure ”I xyzdxdydz ,tne G - nu-
G

pamMnraa, OrpaHUYCHHAs IJIOCKOCTAMHA

x=0,y=0,z=0, x+y+z=1. B(0,1,0)

Pemenne:

[Inockocth ABC: x+ y+z=1. IIpoexuus

obmacT ¥ Ha miockocTh xOy ecTb
AOAB , OTPAaHUYEHHBIN IPSAMBIMHU x =0,

y=0, A4B: x+y=1. x+y=1
[Tpu (x,y) € D anmnukatel Touek (x,y,z) €V 0] w0y x
YIOBIIETBOPSIOT HepaBeHCTBY 0 <z <1—x—y. xe€[0,1],0<y<l-x

l-x—y 1-x 21’”

J.” xyzdxdydz = J.xdx J')c ydy j)' zdz = j xdx J. ydy 5

0

xde y[(l—x)2 —2(1-x)y+y*ldy =

2 3 4 1
:% x{(l—x)zy?—2(l—x)y?+y7} dx:%'[x(1+x)4(l—g+ljdx:

2 3 4
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3.2. 3aMeHa nepeMeHHbIX B TPOMHOM MHTErpaJe

LIGJ'H).' YIIPOCTUTH BBIYHMCIICHUC HHTCI'PpAJIa.

T | Ecnmu dyskuuu x = x(u,v,t),y = y(u,v,t),z = z(u,v,t) SBISIOTCS HEMPEPHIBHO

mupdepeHurpyeMbIMA U B3aMMHO OJIHO3HAYHO OTOOpa)Kar0T TOYKH IpO-
CTpaHCTBa u,v,!f Ha TOYKH MPOCTPAHCTBA X,),Z U HA00OPOT U AKOOWAH Iie-

pexoa, YUCICHHO PaBHBIM ONPEIACIUTENI0 TPETHEro0 NOPSAKa, HE PABEH HY-

JII0
ox Ox Ox
ou ov ot
J_|@ v P
ou ov o]
Oz 0Oz Oz
ou ov ot

TO MPHU 3aMEHE MEPEMEHHBIX B TPOWHOM HMHTETpasie cripaBeuinBa Gopmyiia

Igf(xa%Z)dV=f£jf*(u,v,t)\J\LL,j&Lm,

YacTHBIM ciaydaeM MpeoOpa3oBaHMs KOOPJIMHAT ABIISETCS MEPEXO] OT JEKAPTOBBIX
KOOPJMHAT K UIUJIUHAPUYECKUM U CPEPUYECKUM KOOPAHHATAM.

3.3. TpoiiHoi HHTErpaJ B HUIMHAPHUYECCKUX KOOPIUHATAX

[unuaapruyeckrue KOOPAUHATHI MPEICTABISIOT
co0ol coeAMHEHHE MOJIAPHBIX KOOPAMHAT B ILIOC-
KocTh x(Oy € 1eKapTOBOM alIlIMKATON Z.

x=pcosp, 0< p<o, x/%\f)\l v

y=psing, 0<@p<2r,

M(p,p,z)

z=2z, —00 < z < 00,
Haiinem sikoOuaH mepexosa:

cosp —p-sing 0

J(p.p,z)=|sinp p-cosp 0|=p-cos’p+p-sin’p=p;
0 0 1

~”_[f(x,y, z)dxdydz = ”Jf(pcos @, psing,z)pdpdedz.
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3.3.1. DieMeHT 00beMa B HMJIMHAPUYECKUX KOOPAUHATAX

J71st BBIYMCIIEHUS 3JIEMEHTa 00bemMa B I[UJIHH-
JPUYECKUX KOOpJIHUHATax pa3o0beM 00sacTh V ko- z
OpJIMHATHBIMU  TIOBEPXHOCTSIMU: @ = @ -
MOJTYIIIOCKOCTH, mpoxoasmue epe3 Oz, p=p; —

P
KpYTOBBbIE LWIHHJIpPBI, Z =2z, — IUIOCKOCTH, IIEp- ﬁ%

NeHAUKYJsIpHbIe ocu Oz . DJeMEHTapHbIM 00be-
MOM OyJeT KpUBOJIMHEWHAs MTPU3Ma.

HJ'IOHI&I[B OCHOBAaHUA C TOYHOCTBIO 10 OECKOHEUHO MAaJIbIX BBICIIETO nopsiaka paB-

Ha (pA@p)Ap; BeicoTa paBHa Az . Torna
AV=p-Ap-Ap-Az,dV=p dp do dz.

Ilpumep:

BhramcnuTe I” zx* +y> dx dy dz,rne obnacts ¥
4

2 2

OrpaHMY€Ha HWINHAPOM X~ + )~ = 2X ¥ IMIOCKOCTAMH
20, z=0, z=a.

Pentenue:

(1,0) . B nonsapHBIX KOOpAMHATAX ,02 =2pC0sQ.

2cos ¢

0

% 2cosp % %

4
2

VpaBHeHHe X+ =2x=(x-1"+y*-1=0,

[Ipenenpt n3mMeHeHUst HOBBIX TepeMeHHbIX: 0<z<a, 0<p<—, 0< p<2cosp.

77 a
J:”ZVXZ+y2dxdydzz'”j2,0-,0dpd(pdz:fdgp J' pzdpjzdz:
v b ) f

2
:la2 J. do J.pza’nga2 jcos3 odo :Eaz J.(l—sinz @)d(sinp) =
0 0 0 0

x(p)

(x—1)*+y* =1 npencrasnser coGOH OKPYKHOCT C R=1 M LEHTPOM B TOUKE
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3.4. Tpoiinoi uHTErpaJ B chepuyecKUX KOOPAMHATAX

Ionoxenue Touku M (X, y,z) B IPOCTPAHCTBE
ompejenseTcss  TpeMs  UUCIAMH 0, p, @.
M (x,y,z) > M (p,0,p). Chepudeckne KoOpHHa-
Tl p, 0, @: p — paguyc-Bektrop OM , 8 — yron

MEXIYy paanyc-BeKTOpoM U ocbio Oz, @ — yromn
MEXKIy IPOeKIue p Ha miockocTh XOy u ockio Ox.

Cdepudeckre KOOpIUHATHI CBSI3aHbI C IEKAPTOBBIMU
CHEAYIOIIUMU COOTHOLICHUSIMH:

p =0, xX=p-sinf-cos@,
0<O<r, y=p-sinf-sing,
0<p<2rx, z=p-cosé.

2 2

. +
[Ipu atoM x° + y* = p°sin® @, p=x*+y* +z°, gz):arctgl, 0 =arctgu.
X

z

SAxoOuan nepexona:

sinf-cosp —p-sinf@-sinp p-cosd-cose
J(p,gp,&)z sin@-singp p-sin@-cosp p-cosf-sing|=p” -siné.
cos@ 0 —p-sind

111 Coy.2)axdyaz = [[[ 1 (,0.0) p*sin 0d pdipd.

Ilpumep:

Haiitu o6bem wiapa pamguyca R. V,,, = HJ. dv = ”I dxdydz = m |J |d pdopd0 =
vV Vv V'

=[] 7 sin6d pdpe =fsin9d92fd¢fp2dp =Tsin9dezfd¢§ _
4 0 0 0 0

0

V.4 3 3z 3
- j sin edez”TR _ 2R [ ngao = 2R

0

~ 4
0 (—cos@)‘o =§7zR3.
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Ilpumep:

Brruuciure I” (x% +y?)dxdydz , TOE V - BepXHss z
4

2 2 2 2

HOJIOBMHA IIapa x“ +y~ +z° < R”.

Perenne:

Benem cdepuueckue koopauHatel. HoBble me-
peMeHHbIE M3MEHSIOTCS B npejenax:

OSpSR,OS(pSZﬁ,OSHS%.

Torma
x> +y° = p’sin® Ocos’ g+ p’sin® Osin’ p = p*sin’ 6.
B pesynbTare

/2

[[[ (x> +y*)dxdydz = [[[ p* sin® 0d pd 0dp = fp“dp [ sin’ Hd@zfd(p =
14 V' 0 0 0

72 z

R R
= anp4dp I (cos* @ —1)d(cos0) = 27r.|.p4dp[%cos3 0 —cos 9}2 = %ERS.
0 0 0 0

3.4.1. DneMeHT 00beMa B C(hepUYCCKUX KOOPAMHATAX

BoeruucnuM snemeHT oO0bema B cdepuue-
CKHUX KoopJuHartax. PazoObem 00nacTh Ha 3iie-
MEHTapHbIe YacTh AV KOOpAMHATHBIMH IIO-
BEPXHOCTAMH: P = 0, — chepsbl, € =0, — KoHu-

YEeCKHWE MOBEPXHOCTH C BEPIIMHOW B Hadale
KOOpPAMHAT, @ =, — IOJYIJIOCKOCTH, IPOXO-

nsiue yepes och Oz .

3nece AB=Ap;u3 AOCC': C'O=
= pcos(90° —0) = psin@. Iyru AC = pAb,
AD=CK =CK'=C'O-Ap=psinf-Agp.

C TOYHOCTBIO 1O OEKOHEUHO MaJIbIX BBICUIETO MOPSAKA AIEMEHTapHbIA 00beM AV
MOKHO CUHUTATh MapajuieNenumesoM ¢ peopamu Ap, pA@ u psind Ag.

DremenT oobeMa AV =~ p*Apsin@AOAp , dV = p*d psinfdOde.
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4.1. KpuBo/imHeHbIE HHTErPAJIbI IEPBOro TUNA (POAA)

Paccmorpum durypy, Kotopas SBISETCS IUIOCKOW JIMOO IPOCTPAHCTBEHHOM
KpuBoit @— L. VHTerpan no ¢urype B 1aHHOM CITydae SBISETCS KPUBOJIMHEHHBIM
WHTETPAJIOM MepBoro ponaa oT pyHkiuu f(P) mo kpuBou L:

j F(P)dl = hg(l)zl: f(P)AL, PeL.

4.1.1. KpuBosMHeiHbI/ HHTErPaJI NEPBOro TUMA M0 IVIOCKOH KPUBOH

ITycts 1ulockass KkpuBas 3aJaHa YpPaBHEHHEM ¥
L:y=¢p(x).
Bribepem OeckoHE4YHO Malibli y4acTok Ax; Ha

orpeske a<x<b. Torga All.2 ~ Axl.2 + Ayl.2 , &,
2 2
. Ay,
Al? = (1+ Ay’z VAx, Al ~ |1+ —Ax, . Ilepexons k
Ax, Ax

npeney npu Ax, — 0, umeem dl =+/1+(y) dx, a A, box
b

[ £ @yydl=[ fx.pEoWI+ () dx.

L a

YToOBl BBIYUCIUTH KPUBOJHMHEWHBIA MHTErpaj MEPBOrO THUMA MO IJIOCKOU
KpUBOM, HEOOXOAMMO NIEPEMEHHYIO ) 3aMEHMTh Ha BhIpaKeHHE Yy = @(x) (U3

YpaBHEHHUs IMHUN), & dl 3aMeHuTh Ha +/1+ (1))’ dx ¥ BEIYUCIUTE ONpEIEsEH-
HBIJ UHTETPAJI M0 X.

Benuuuna dl =41+ (y.)’dx HasbiBaeTca muQQpepeHIUaIbHbIM 3IEMEHTOM
JUIAHBI TTIOCKOW KPUBOM.

x=x(t
Ecnu nuHus 3a1ana B napaMeTpuyecKkoM Bue: L :{ ® a<t<f,T0
y=y@
dy
’ dy dt E y; y, 2 "2 "2
=— . —=2L==L dl= 1+(=) xdt =/(x) + dt;
dt

B
[ /)l =] £ (@), yOWEY + () de
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4.1.2. KpuBoMHeHbII HHTErPaJl NepBOro TUIA
10 MPOCTPAHCTBEHHON KPUBOM

x=x(1)

Lidy=y() a<t<f.dl=\(x)"+ () +(z)dr:

z=2z(t)

B
[ £y 2)dl = [ £ 00,90, 20 + () + (2)3dr.

Ilpumep:

Haiitn Maccy mosryokpy>KHOCTH, 3aIaHHYIO0 YPaBHEHUSIMU:

2 2
x +y =1, 5
L g Jlu"enHasa IIJIOTHOCTB

p(x,y)=ky.

VYpaBHEHHE MOITYOKPYKHOCTH B IMapaMeTpHU-

ueckoM Buje umeet Bua L o4 y = sint,

X =cost, ¥

o<lt<r.

m = p(x, y)dl = [ kydl = k[ sint\/sin® t + cos” tdt = k[ sin dt
L L o o

=k(—cost)” =k(1+1)=2k.

4.1.3. 'eomeTpryecKuii CMbICJI KPMBOJMHENHOI0 HHTErpajia

MEePBOro THIA IO MJIOCKOI KPUBOii

ITycts Ha mockoct x(Oy 3amaHa kpuBas L. Ha
MHOXkecTBe L ompeneneHa ¢pyHkuus z= f(P)= f(x,y).
Pazo0beMm kpuByto L Ha n vacreil L, niuHoil Al . BbiGe-
peM Ha KpuBOHM L TOuky P, BBIYMCIMM 3HAaYeHHE (YyHK-
mwn z=f(P)=f(x,y,). Torna miomans OpsMoOyroyb-
HOro yyactka pasHa AS, = f(x;,y,)AL.
Hatinem cymmy momasnei Zn: f(x,v)AL.
i=1

[leperinem k mipeneny npu n — o0, TOrAa
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n
S =1imY" f(x. )AL= f(p)dl.
n—»00
i=1 L
Takum 00pazoM, KPpUBOJIMHEWHBIA WHTETpaj MEPBOrO THIIA TIO TJIOCKOW KPUBOU

YUCJICHHO pPaBeH IUIOMAA OOKOBOW MOBEPXHOCTU HUIUHIPA C HaIpaBJistomen L u
oOpasytoiel, ;nmHa kotopoit z = f(P) = f(x,y).

4.2. MexaHu4yecKHe NMPUJI0KEHUSI HHTErPaJioB 1o purype

4.2.1. lnimHa, miomaab, 00beM Gurypbl

b
JnuHa oTpe3ka paBHa [ = de, TUIOIAAb TNIOCKON (UTYpHI paBHA S = ” dxdy ,
a D

o0beM Tena V= _[” dxdydz .
V

4.2.2. Macca ¢purypsl
Macca HeoTHOPOAHOIO TeJa € INIOTHOCTBIO P(X,V,2):

m= ”I p(x,y,z)dxdydz .
V

Ilpumep:

Haiinute Maccy Tela, OrpaHMYEHHOTO LMIMHAPHYECKOH MOBEPXHOCTBIO x° =2
U IUIoCcKoCTSIMU y+z=1, 2y+z=2, ecnu B KaXJOW €ro TOYKE IUIOTHOCTH
p(x,y,2)=y.

Pewrenue:

N3 y+z=1 nonyuaem,uronpu z=0 y=1,anpu y=0 z=1;u3 2y+z=2
nostyyaeM, yroipu z=0 y=1,anpu y=0
z=2.

JIunuu nepecedyeHus IIOCKOCTEH ¢
KOOpJIMHATHOM IUIOCKOCThIO zOy: z=1-y u

z=2(1-y).
B miockoctn xOy HanpaBistoIe UIUHI-
pUYECKON TOBEPXHOCTH SIBIISIETCA Mapadoia

x’=2y.

IIpoekuus tena Ha mockocts xOy D orpa-
Hu4eHa quHusIMu: y =1, 0< y <1;

x=+2y, 2y <x<\2y.

2(1-y) 2y
m= J..”. vdxdydz = ” vdxdy } dz = H y(1—y)dxdy = Jl-(y -y’ )dy J-} dx =
4 D 1-y D 0 -2y
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S — —

5 7\!
(y-yz)zﬂdwzﬁ@yz_zyz} 82
0

4.2.3. MoMeHT uHepuMHu GUTypbI
PaccmoTtpum cucteMy U3 n MaTepUaibHbIX TOUEK C z
maccamu m,, i =1,2,...,n. MOMEHT UHEPLIUN CUCTEMBI OT-

n
HOCHUTEIILHO HEKOTOPOM OCH BpaleHus J =er2mi ,THe 1,
i=1
— PaccTOosiHUE OT [ —1 TOYKM 110 OCH BpaieHus. Ecin
TEJIO CILUIOUIHOE, TO BO3HUKAET MHTErpai 1o gurype J

erzp(P)d,u :

OceBble MOMEHTBHI (MOMEHTHI HMHEPUUU (UTYPHI
OTHOCUTENBHO oOceil koopauHat). Paccmorpum mpo- z
CTpaHCTBEHHYIO purypy &—V.

J .- MOMEHT UHEPLIUN OTHOCUTENBHO ocu Ox (Mepa

UHEPTHOCTU TeJa NpPH BPAIIEHUU OTHOCHUTEIBHO OCH

Ox):

J.=[[[* + ) px,.2)aV,
V

J, = [[[* + 2 p(x,y,2)aV

» S

J. = [[[* + ) p(x, ,2)dV .

vV
MoOMEHTBI HHCPIHHUU OTHOCUTCIIbHO KOOPANHATHBIX IUIOCKOCTEH:

J = Izzp(x,y,z)dV,

G

J. = ...Iyzp(x,y,z)dV,
G

J,. = .J‘xzp(x,y,z)dV,

G

[TonspHbIii MOMEHT (MOMEHT WHEPIHMH OTHOCHUTEIHLHO Hadajia KOOPJUHAT, TJIC
1eHtp O — MoJIroc):

J = JAJ‘J‘()C2 +y +2)p(x,y,2)dV
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Ilpumep:

Halinure MOMEHT WHEpPUHMU OJHOPOIHOMN
OOKOBOM MOBEPXHOCTH IWJIMHJpA, 3aj]1a- TZ
BAEMOU yPaBHEHUSMM:

2 2 p2

T T
~Z<y<tiz20J, =2
27770 ’

Pewienue:

Jy=[[Zdo= [z +(2, ) +1ds =

pX D
’ 1
:ij(R2 —x?), 1+ sz_xz ds =ij(R2 —xz)-RRz—_xzdS -

:R”‘\/R2 —xza’xafyzRfi\/R2 —xzdxj‘dy :ﬂRTVRZ —x7dx =
D -R T -R

2

x = Rsint
dx = Rcos tdt

. X
sSint =— >
LoX
t=arcsin—
R

NN

<i<Z
2

J

T

> ;
=7zRI VR* —R*sin® tR costdt =7Z'RJ RcostRcostdt =
izf oz

2

3 1+cos?2 2R3
=R’ J. cos’ tdt = {cos2 t= cos 21 id

2 )
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Ilpumep:
Brluncnure MOMEHT HHEPLUHU MIPSIMOTO KPyTOBOI'O LIMJIMHIPA BBICOTON 24 U
paauycoM R OTHOCHUTENIBHO AMaMETpPa €ro Cpeli- z
HEro CeYEHUsl, CYUTAs IUNIOTHOCTh IOCTOSSHHOU U h
pPaBHOH .

I=1, :J‘J‘J.GZ +22)V0dxdydz . ,,——---’:;4’\ R
14

y
Pemenue: 7_4 —e

N N
[Iepeiinem K WMIIMHAPUYECKUM KOOPAUHATAM: X /
X=pCoSQ,y = psing,z=z; dudydz = pdpdpdz ,

y2+z? = pPsin’ g+ 27,

1= J:” (p2 sin? o+ zz)yopdpd(pdz =2y, Td;oji pdpjl. (p2 sin’ o+ zz}iz =
v 0 0 0

2z R 3 h 2z R h3
=2y, qu)f pa’/{p2 sin” gz +%} =2y, Idcoj p{pz sin® g - +?}dp =
0 0 0 0 0

2z 4 .3 27 2z 4 3p2
=2y, '[d(p{hsinz ¢pT+h_p_} = 2}/0'[ {h%sinz o+ h g }d(p =
0 0

3 2
0
27 127r 1 1 20 1
jsinz(pd(p:—j(l—cos2(p)d¢:— @ ——sin2¢@ =—2r=rw
0 2 0 2 2 0 2

R WPR? , | R? K?
=2y0| — 7+ 27 | =2yghR | — +— |.
yo{ 4 6 Yo 4 3

4.2.4. Cratnueckue MoMeHTbI purypsnl. LleHTp Ts:kecTH GUIyphI

PaccMoTpuM 7 MarepHalbHBIX TOYEK MAaCCOU m;. g
KoopannaTe! HeHTpa TSXKECTH CUCTEMBI TOUYEK:

n n n
inmi Zyimi Zzimi
Xe=+5 Yo == Lo == ’
S
i=1

- n n 2
2, 2,
i=1 i=1

n
M, = inml.
i=1

n
I BEJIUYUHBL, paBHble M = Z y.m,
i=1

n
M, =>zm,
i=1

TUYECKUMHU MOMEHTaMM CUCTEMbI OTHOCUTEJBHO MiockocTel yOz, x0Oz, xOy.

, Ha3bIBAIOT CTa-
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I | 1). Ecnu cucrema (purypa) umeer LEHTp CUMMETPUHU, OCh CHMMETPHUH, TLIOC-
KOCTh CUMMETPHH, TO CTATUYECKHE MOMEHTBI COOTBETCTBEHHO OTHOCUTEIBLHO
LEHTpPa, OCH, NIOCKOCTU PABHBI HYJIIO.

2). Ecnu ¢urypa HenpepbiBHa, TO BMECTO CYMM BO3HMKAIOT COOTBETCTBYIO-
[[Ue UHTErpaJibl 1o Gurype

Jxp(Pydp  [yp(Pdu  [zp(P)du

_ @
X =

[ p(P)du

Ilpumep:

Haiigure nentp Tsokectu ogHopoaHoro ( y(P)=1) munun-
z=x*+ y2 +1,

Jipa, OTPaHMYEHHOTO TIOBEPXHOCTAMHU: { X~ + )° =1,

z=0.

CBepXy HWIHHJP OTPAHUYCH JUTUNTHYECKUM Mapabosioun-
JIOM.
Pemenne:
N3 coobpaxkenuit cummerpuu x.= 0, y.= 0, T.K. CTATHYECKUE MOMEHTHI OTHOCH-

j j j zy(P)dV
TeIbHO M10ckoctelt ZOY u ZOX paBHBI HYIIO, Z = —cr———

j j j y(P)dV
Yucaurensb:

P yi eyt

[[TzrPsav = [[fzav = s j 2z = jds_

= H ds(x” +y* +1)’ = {B NONAPHBIX KOOPJMHATAX }
D

127r 1 5 5 1 2z 1 5 5 5
—E.Ed(p_([(r +1) rdr—ﬁ.!.d(p'[(r +1)2d(r? +1) =

f
- d@
4 0
3HaMeHaTeNb:

x2+y2+1

[lav=[jas [ e =Td¢j ( +1yrdr =

0

1% 8 1. 2 7 17
= — d —_———) = — —_—= .
4I v373737376"

0 0

=—jd¢j(r +1)d(r +1) == jd jd (4- 1)==% =%7z'.
, lm2 7 7
© 637 33 9

7

Otser: x.=0, y.=0, z.= 5 .
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Ilpumep:

Onpenenure KOOPAUHATHI LICHTPA TSAKECTU BEPXHEW MOJOBUHBI 11apa paanycoM R
C LUEHTPOM B (0,0,0) , cCUUTAsI TUIOTHOCTH y, MOCTOSHHOM.

Pemenue:

z=\R*—x"—)";z=0;0<z< R —x*—)" .
j ” zy dxdydz

x =y =0 -

, Z =k
ce ‘ H I y dxdydz
Vv
B chepuueckux KoopauHaTax: z = pcosd, dxdydz = p*dpsin 0dody .

2 /2 R

m= “J-;/Opzdpsinﬁdﬁd(o = I d(pj d@jyopzdpsinﬁ =
Vv 0 0 0

7/2 3 |R 3 7/2 3
P R 7y, R 72
=2 dfsimnf—| =2zny — | sin@d@ =————(—-cosé@ =
727/0.([ 3 . 7/0 3 .([ 3 ( )‘0
2727/0R3
=3

27 7/2 R

myopcos Op’sinOd pdfdep =y, J. de J. cosHsianHJ. pldp=
4 0 0 0

. /2 4
R4 /2 wy R4 s1n2 (9| wy R

=y 27— | sin@d(sin@) =—= =—0

727 | sinbdsing) === 4

0 |O

o m R 33

z =
‘ 4 27y R 8

Otsert: x.=0, y.=0, z.= % R.

B PE3YIbTATC U3YUYCHUA MAaTCpUaJla, U3JI0OKCHHOI'O B 3TUX JICKIUAX,
CTYACHT JOJI’KCH 3HATh CJICAYIOIUC MMOHATUA U YMETH BBIYUCIIATD:

® PHTErpajbl Mo GUrype, ux KiacCu(OUKAIIIO U CBOMCTBA;

® JIBOMHOW MHTErpas, BHIYUCICHUE JBOMHOIO HHTETpasa KaK IIOBTOPHOTO;
3aMe€Ha IEPEMEHHBIX B IBOMHOM MHTETpase, IBOWHON UHTErpajl B NOJIIPHBIX
KOOpJMHATAX;

" [IOBEPXHOCTHBIM MHTErpaj NepBOro poja, CriocoObl BHIYUCIECHHUS;

" TpPOWHOM MHTErpajl, BBIYMCIECHUE TPOMHOIO MHTETpala KaK IIOBTOPHOIO;
CTIOCOOBI €r0 BHIYMCIICHNUS, 3aMEHA IEPEMEHHBIX B TPOMHOM HHTETpaJe;
TPOWHOW MHTErpaJl B IMJINHAPUYECKUX KOOpAUHATAX;

TPOMHOW MHTErpall B C(hepuIECKUX KOOPIUHATAX;

* KpUBOJIMHEHHBIH HHTETpaj NEPBOro poia, CIOCOObI BHIYUCICHNUS;

" TreOMEeTPUYECKHE U MEXaHUYECKHE MPUIIOKEHUS HHTETPAIOB 0 GUrype:
JUIMHA, TUIOIIA/b, 00beM, Macca QUTyphl;

LEHTP TSKECTH, CTATUYECKNE MOMEHTBI, MOMEHThI HHEPLIH (DUTYPBI.
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TEOPUS 11OJISI (BEKTOPHBIN AHAJIN3)

Teopust monst (MM BEKTOPHBIM aHAIN3) U3ydaeT CKaISIPHbIC U BEKTOPHBIE MO, T.€. CKa-
JISIpHBIE ¥ BEKTOPHBIC (PYHKIIMU TOYKHU B MPOCTPAHCTBE. XOTS OOBEKTHI TEOPUU HE CBSI3aHBI C Ka-
KOW-TMO0 CHCTEMOW KOOPJAHMHAT, WCIOJIB30BAaHWE 3TOrO0 WHCTPYMEHTA IIO3BOJIACT, HCCIEIYs
CpeICTBaMU MAaTeMaTUYECKOro aHanu3a GyHKIUU HECKOJIbKUX MEPEMEHHBIX (KOTOPHIMH CTaHO-
BATCS (YHKITMH TOYKHU), OTIPECIIUTH KOOPIMHATHO HE3aBUCUMBIC OIEpAIK HaJ TOJISIMU U U3Y-
YUTh UX CBOMCTBA. B 3TOM BEKTOPHBIN aHAIN3, KAK Pa3/ie]l BEKTOPHOI'O HCUUCIICHUS, TOJTHOCTHIO
aHAJIOTUYEH BEKTOPHOU anredpe — XOTs omneparus HaJ BEKTOpAaMU MOXET OBITh CBEJICHA K BBI-
YUCJIEHUSAM, POBOJAMMBIM HaJl KOOPJAUHATAMH BEKTOPOB, PE3yJbTaT OT KOOPAMHATHOW CUCTEMBI
HE 3aBUCHUT.

[TonsiThe mosst MO3BOJsET HAUOO0JIEE ECTECTBEHHO XapaKTEpU30BaTh U OMKCHIBATH T€ CBOM-
CTBa PEAIbHBIX 0OBEKTOB, KOTOPHIC HE 3aBHUCAT OT BHIOOpA CHCTEMBI KOOPAMHAT: peajbHbie (Pu-
3UYECKHEe CBOICTBA HE JOJKHBI OBITH CBSI3aHbI ¢ KAKOW-THO0 CHCTEMOI KOOpIUHAT.

5.1.  CkansgpHoe 1noie
5.2. TloBepxXHOCTHU U JINHUU YPOBHS
5.3. IlpousBogHas nmo HanmpaBIECHUIO
5.4. T'paauieHT CKaJsipHOTO MOJIs
5.4.1. Onepatop I'amunbpTOHa (HabMa)
5.4.2. CB43b NpOU3BOAHON MO HANPABIEHUIO C TPaIUEHTOM
5.4.3. CBoiicTBa rpagueHTa
5.5. BexkropHoe none
5.5.1. BexropHble TMHUU
5.5.2. [Inmockoe BEKTOPHOE TOJIe
6.1. OIHOCTOPOHHHWE U JIBYCTOPOHHHUE MOBEPXHOCTH
6.2. Ilnomaas NOBEPXHOCTH
6.3. CucreMa KOOpAMHAT U OPUEHTALIMS IOBEPXHOCTHU
6.4. IloBepxHOCTHBIN uHTErpai 1-ro poxa
6.5. IloBepXHOCTHBI HHTETPA 2-TO poaa
7.1. 1loTOK BEKTOPHOTIO MOJIS
7.2. CBolicTBa IOTOKA
7.3. BbluncneHnue noToxa
7.3.1. IIpoexTupoBaHuE HAa OJHY KOOPAMHATHYIO TJIOCKOCTh
7.3.2. IlpoexTupoBaHue Ha TPU KOOPIANHATHBIE INIOCKOCTH
7.4. ®uznyeckuil CMbICI IOTOKA
7.5. JluBepreHuus BEKTOPHOIO MO
7.5.1. CBoiicTBa TUBEPTEHIIUN
7.6. PuU3NYECKUI CMBICI IIOTOKA YEPE3 3aMKHYTYIO [IOBEPXHOCTb
7.7. Teopema Octporpanackoro — ['aycca
7.8. VHBapuaHTHOE OIpe/eeHIe TUBEPTreHIIUN
7.8.1. ®U3MYECKHIl CMBIC AUBEPrEHIIUN
8.1. JIuHelHbIN UHTErpaj B BEKTOPHOM T10JIE
8.2. (CpoiicTBa JINHEHHOr0 UHTErpajla
8.3. BpbluncieHure TMHEHHOr0 HHTETpalia
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8.4. ®u3MYECKHil CMBICI JMHEHHOTO MHTErpaia
8.5. Potop (BUXpb) BEKTOPHOTO MO
8.5.1. CpoiicTBa poropa (BuXps)
8.6. Teopema Ctokca
8.7. MHBapmaHTHOE OINpEAEIECHUE pOTOpa
8.8. ®dusnueckui CMbICI poTOpa
8.9. ®opmyna ['puna
9.1 TloTeHIMaIBHOE BEKTOPHOE TOJIE
9.1.1. YcnoBust NOTEHIIMAIBHOCTH OIS
9.1.2. Brruncienue noTeHIIana moias
9.2 ConenounanbHOE MOJE
9.2.1. CBoiicTBa COICHOUIAILHOTO MOJIS
9.3 Omnepatopsl ['amunbroHa u Jlamiaca
9.3.1. Oneparop I'amunbToHa (Haba)
9.3.2. Oneparop Jlaniaca

5.1. CkansipHoe moJie

Ecmu ¢ kaxgoit Touxoit P(X,),z) HEKOTOPOi MpoCcTpaHCTBEHHOM obnactu G
CBs3aHa CKalsApHAas BEJIMYMHA, TO TOBOPAT, YTO B 00JacTH G 3a1aHO CKa-
aspuoe noae: U= f(x,y,z), rne f(x,¥,z) - cxkansgpHas QyHKIMS, Ha3bI-
BaeMmasi PyHKUMeH moJs.

0]

[Tpumepsl CKaJIspHBIX MOJEH: MOJe TeMIeparyp, MmoJie AaBJICHHUs, MOJI€ MI0T-
HOCTH, TI0JIE KOHIIGHTpAlUW, MOJIe AJIEKTPUUECKOro moreHuuana. Paccmorpum
noipoOHee MOCIEeIHUN TPUMED.

[lycth peub maeT o ToueuHoM 3apsife ¢g. [loTeHIman 3JeKTpoCTaTUYeCKOro
1oJis 3apsiia g, MOMENICHHOr0 B HAayallo KOOPJIMHAT, 3a/1a€TCA B KaXIOW TOYKE

npocrpanctea ¥(X,Y,Z), 3a UCKIIOYEHHEM Hayajga KOOPAMHAT, (PYyHKIMEH MoJs
BUJIA:

q q

H X+ + 27

= 2 2 2
3aMeThM, YTO €Ciu ‘r‘ =const, x” + y~ +z" =const - ypaBHuenue cepnl. Cienoa-

u=-
r

TCJIbHO, B TOYKAX, IIPUHAAJICKAIINX C(bepe, MOTCHOHAJI 3JICKTPOCTATUICCKOI'O I10-
JII COXPAaHACT CBOC 3HAYCHUC, NN U = const.

OFpaHI/I‘II/IMCH PAaCCMOTPCHHUCM TaK HA3BIBACMbBIX CTAITMOHAPHBIX HOHGﬁ, T.C.
HOHCﬁ, HC 3aBUCAIINUX OT BPCMCHU.
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5.2. IloBepXHOCTH U JIMHUU YPOBHHA

B nanpHeimeM, ecnm HE OTOBOPEHO 0c000, mpeamoiaraeM (hyHKITHIO
u= f(x,y,z) o1HO3HAUHON 1 HENPEPHIBHO-AUPDEPEHIMPYEMOI.
PaccMoTpuM ToYKH o6nactd, B KOTOpod (ynkums U = f(X,),Z) npuHHMAET I10-
CTOsIHHBIE 3HaueHus: f(x,y,z)=c, (c=const). DTO ypaBHEHHE MOXXHO paccmar-
pUBaTh KaKk ypaBHEHHE HEKOTOPON MOBEPXHOCTH B MPOCTPAHCTBE.

O | T'eomerpuueckue Mmecrta Touek P(X,y,z), rae ckaaspHOe IOJ€ MPUHUMAET
OJIHO U TO K€ 3HaueHue f(x,y,z)=c, HA3bIBAIOTCSA MOBEPXHOCTSIMH YPOBHA

WM 9KBUIIOTEHIIUATBHBIMU TOBEPXHOCTIAMH.
I | B cuiy ogHo3HauHoCcTH (DyHKUMU u = f(X,),Z) NOBEPXHOCTH YPOBHS, COOT-

BETCTBYIOIIUE PA3JINYHBIM 3HAYECHHAM C, HE TIEPECEKAIOTC MEMKLY COOOM.

0 | CxanspHoe 1mojie Ha3hIBAETCS MUIOCKHM, ECJIH IPH MOAXOAAIIEM BEIOOPE CHC-
TeMBl KOOPAMHAT (DYHKIHMS IIOJS 3aBUCUT TOJNLKO OT ABYX IIE€PEMEHHBIX.
MHuoxecTBo Touek miockoctu P(x,Y), misa xoropeix f(X,Y)=c, na3piBaer-

csl JIMHU e YPOBHHA IINIOCKOI'O CKaJIAPHOT'O II0JIA.

Ilpumep: ‘
[Tone Temnepatyp 6€CKOHEUHOM paBHOMEPHO HArpeToil HUTH.

AAAA

\\/ \\/ \\/ \\/ JIMHUHW YPOBHSA — OKPYKHOCTH

5.3. IIpou3BoaHasi MO HANIPABJICHUIO

[Iycte B mpocTpaHCTBEHHOM obOmacth G 3a4aHO CKaJspHOE IOJIE:
u=u(x,y,z)=u(P). Paccmotpum 104Ky B(X,y,z) ¥ UCXOISIIUN U3 HEE BEKTOP

[ :{Z [l } Haiinem, kak u3MmeHsieTcsl moje B HampaBiieHuu Bektopa [ . Cme-

x2"y27z

ctuMmcst U3 Touku F(x,y,z) B HampaBlIeHUM BekTopa [ B  TOUKY
i

P(x+Ax,y+Ay,z+Az). Obo3naunm 3a Al mmuHy BekTOopa @:Al: , TO-

rna Al = \/ Ax*+Ay* +Az’  Tlpu 5ToM QyHKLIHS OIS [ONYYHT IPUPALLCHHE

Au=u(P)—u(P)=u(x+Ax,y+Ay,z+Az)-u(x,y,z) =
:du+gle+ngy+g3Az:a—qu+a—uAy+a—qu+Q(Al)
ox oy 0z ’
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rae O(Al) - 6eckoHeuHo Masasi 60Jiee BBICOKOTO TOPsi-
kano Al, g,¢,,&, = 0 npu Ax,Ay, Az — 0, a Besnnuu-

Au .«
HAa — = ch - CpeHsS CKOPOCTh U3MEHEHUS CKaIsIpHOM

Al

bynkuuu u(P) B HapaBICHUH BEKTOPA .

Au _ Ou Ax 8u Ay Ou Az Ax Ay Az
— g —tE, e —.
Al ax Al 6y Al 82 Al Al Al Al

[lepeiinem k npeneny npu Al — 0, 4To cooTBETCTBYET CcTpeMierunio 1 —>F:
Au

lim— = M osa +a—ucos,6 +a—ucos
NG Al Ox oy 0z 4

rae cosa, cos B, cosy - Hampapisomume KOCMHYchl Bektopa PP . TIocKOabKy

, TO MX HaNpaBiAlOIIME KOCHHYChl paBHbl. Tak kak [=/[i+[ j+1Lk, 10
[ [ [
cosa:ﬁ, cosf===, cosy =

] 1]

. ou
O | IIpoussoxnoi Gpynkuuu u B Touke P(X,y,z) (0603HaucHUE _l) II0 HaIpas-

—

Au
JICHUIO BeKTOpa [ Ha3bIBaeTCs Mpenel hm?l (eclii OH CYILIECTBYET), paB-
Al—0

HBII/Ia—u li ﬂ—a—ucosonr8—cosﬂ+a—ucos
ol woo Al ox oy a

u —
HpOI/I3BOI[Ha${ E I10 HAIIPpaBJICHHIO [ onIpeaACACT CKOPOCTh U3BMCHCHUS CKa-

—

ou
JISIPHOTO TIOJIS B HAIIPaBJICHUHM BeKTopa [, B 4aCTHOCTH, eciiui — >0, moJie Bo3pac-

ou
TaeT, €CIU 5<0, 1oJie yObIBaer.

Ilpumep:

. ou
Haiitu npou3BoHy10 Pl B Touke P (1,1,1) B HampaBieHUU BEKTOpa
C=i+j+k,ecmn u=x"+y +z°
Pemenue:

!

!
u,|,

Yip

:2x| =2, u

lc:osﬂ ;COS 21 ! ! 6>0
5 f yf o GUETETS

CJICAOBATCIIbHO, CKAJIIPHOC I10JI€ BO3PACTacCT.

cCoSa =
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5.4. I'paaueHT CKAJAPHOIO MOJIs

[lycTh 3apaHo ckaisipHOE moJie u=(x,y,z).

O | T'paanenTomM ckajasipHoro mojsi u B touke P(X,),Z) Ha3pIBaeTcs BEKTOD,

0003HaYaEMBbII CUMBOIIOM grad U 1 OIPENENsIeMbIi PAaBEHCTBOM

gradu :6_u;+6_u}.+8_u7€’
ox oz

oy
5.4.1. Oneparop I'amuiibTOHA (HA0/12)
Brenem cuMmBomueckuit BEKTop “‘Habsa” wiu onepatop ['aMuibToHa

veil, 39,50 (0.0.9]
0 ox’ oy oz

3uak V HUCHOIB3yeTcs Ul 3alMCH OIepalnii BEKTOPHOIO aHajM3a B COKpa-
HICHHOM U yI00HOH 1Sl pacu€ToB opme.

Bripaxenue Buga Vu(X,y,Z) IOHMMAeTcs Kak Pe3yJbTaT ACHCTBUS OIrepa-

TOpa Ha COOTBETCTBYIOIIYIO (DyHKIIHIO.
Torma

@t(x,y,z):(;ﬁ+}£+7€2)-u(x,y,z):@;+%}+@7€:u§+d}+u§l},
& o & & o & g

gradu = Vu.

5.4.2. CBsi3b NPOU3BOAHOM IO HANPABJICHUIO C TPAAUEHTOM

ou Ou ou ou
—=—cosa +—cos f+—cosy.
ol Ox oy 0z

Ilycts [, = (cosa,cos ,c08 ) - ETUHUYHBIN

- ks

BEKTOp (OPT) B HaIpaBieHUU [ , TOrAa BUIHO, UTO 1= const o

ou = = =l
az(wzo)z\w\- I

IZie @ - yroja MeXay €IMHUYHBIM BEKTOPOM /o JaHHOI'O HamlpaBieHUs [ U BEKTO-

-COS(p:‘gradu‘-cosgo,

poMm rpaguenTa gradu
Ecrmu gradu =0, 1o Z—?:O. Ecmm gradu #0, to a@—?ﬂgradu‘ JUUISL BCEX

BEKTOPOB / , 3a HCKIIOYEHUEM BEKTOpA [ , HAIIPABJIEHHOTO B CTOPOHY grad u
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—

ou
BriBo: 5 = ‘ grad u‘ -cos@. [lpousBoaHasi Mo HampaBleHUIO BeKkTopa [ B
touke P(X,,z) paBHa NPOEKIUH IPaUEHTa HA JAHHOE HAMPABJICHUE.

5.4.3. CBoiicTBa rpaiueHTa

HYCTB 3aJaH I'paJyuCHT II0JIA K IIPOU3BOJHAs 110 HAIIPABJICHUIO!

—  (6u ou éu ~ (aujz ou )’ (aujz
Vu = N 9 A~ 9 A~ ‘Vl/l‘= ~ +| — | .
ox oy 0z’ ox oy 0z

1. MakcuManbHOE 3HAY€HUE MPOU3BOAHOW IO HAIPABICHUIO PABHO MOJYIIO

ou ou
rpaJIueHTa: Ol ‘gradu‘ -cos@; @ —> 0;cosp > 1= maxa = ‘gradu‘.

2. Bexkrtop Vu HampaBiieH B CTOPOHY BO3paCTaHHUsI MOJIS.

3.  Bexrop Vu Bcerna HopMmajeH K TOBEPXHOCTH (JIMHUH) YPOBHSI T0JIS (9KBUIIO-
TEHIIMATHbHOM MTOBEPXHOCTH).

JlokazaTenbCTBO:

IMycts u =u(x,y,z) ckangpHoe noiue u u(Xx,y,z) =C - ypaBHEHHE IOBEPX-
HOCTH ypoBHs. Brioepem VP e {u(x, V,z)= c}, KOTOpYI0 0003HaunMm P(x,y,z), u
IPOBEAEM KacaTelIbHYIO INIOCKOCTh K MMOBEPXHOCTH, OMUCHLIBAEMOM ypaBHEHHEM

F(x,y,z)=u(x,y,z)—c=0;

oF - - OF - .
a—(x —-Xx)+ 8_( y—y)+ 8_(2 —z) =0 - ypaBHEHHUE KacaTeIbHON ITOCKOCTH;
X 74

ou - Ou — Ou -
a(x—x)+5(y—y)+g(z—2) =0,

Torma BEeKTOp HOpMau KacaTelbHOU IJIOCKOCTU UMEET BUNL:

I | CaoiictBa 1-3 gaioT HHBapUaHTHOe (HE 3aBHUCSIIEE OT CUCTEMbI KOOPAMHAT)
oTpeJieieHle TPaIueHTa, T.€. YTBEPKAAIOT, YTO HE3aBUCUMO OT CUCTEMBI KO-

opauHat Vu YKa3bIBACT BCIINMYHWHY W HAIIPABJICHUC HanOOJIBIIIECTO BO3pacTa-

ou
HUS CKAJISIPHOTO II0JISI B TOYKE: ‘ grad u‘ = max (5 )
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JAudpepenunanbHbie CBOMCTBA TPAJAHECHTA:
=  ECiu CKaIpPHOE T0JIE €CTh CyMMa JABYX IOJIEH:
f(x,y,z)=u(x,y,z)+v(x,y,z), 70 Vf =V(u+v)=Vu+Vv.
. g(u-v) = (6u)v+u(§v).
» Ve-u=cVu.
Y, fu)=f- Vu - TPaUEHT CIOXHOW (PYHKITUH.
= VSwv)=f -Vu+f Vv,

Ilpumep:

Haiitu HauOombllyt0 KpyTH3HY MOABEMA MOBEPXHOCTH u =X’ B TOYKE

P (2,2,4).

ou

Pemrenue: | grad u| = max (5)

Vu=ui+u,j+uk=yx""i+x" Inxj+0k.

Wu‘ =JOx Y + (' Inx)® =4/(2:2) + (4In2)> =41+ 1n’2 .
Ilpumep:

HaiiTi HOpMaJb K OBEPXHOCTU u = x~ + y° +z° B Touke P (1,1,1).

Pewenue:

To coiictBy 3: n00Vu, Vu =2xi+2y)+2zk,

, Oy 42V it 22k 242 +2k= no={L11

Vu o) =2xi+2yj+2zk o 2i+2j+2k={2,2,2} = n, { = 3}.
Ilpumep:

Haiitu rpaguent pyHKuuu » = \/(x %) +(v—y,) +(z—-z,)’

(MomyIh pamuyc-BEKTOpA).

Pemenue:

Py -pukcupoBannas Touka, P(x,y,z) — u3ydaemasi TOUKa OBEPXHOCTH.

g?’ad;’:gl‘-ﬁ-@j-i-@k: { 20y yoj ZO} ==,

o T o Jr-x,) (=) +(z-2)
- €IUHUYHBIN BEKTOP, MapaieIbHbIN BEKTOPY Ef’ .
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Ilpumep:

Haiitu rpaguenT ckaysipHoit pyHKIIUN
u(P) =r+r,, rae 1, ¥, - paccros-
HUSA OT TOYKU P 10 (PUKCUPOBAHHBIX

touex [}, F,. Jlumuu ypoBHs 5Toii

(YHKIMU — SJIITUIICHI.
Pemenue:

. _ 0,0
WUwmeem: grad(r, +r,)=r +r,, Te.
IpaJUeHT paBeH JuaroHain pomoa,
MOCTPOEHHOTO Ha OPTaX pajinyCc-BEeKTOPOB, IPOBEICHHBIX K TOUKe P U3 QOKy-
cos £ u F,. Hopmanb K 5/UIMICY B KaKOH-THOO TOYKE JEIUT TOMOIaM YTOI

MEXJ1y paJnyC-BEeKTOpaMH, IPOBENEHHBIMU B 3Ty TOUKY.
duznyeckas HHTEPIPETALUs: JIyd CBeTa, BRIIEAMNN U3 oJHOro (hokyca, mo-
nazaet B Apyroi Goxyc.

5.5. BekTopHoe moJie

Ecnu ¢ xaxnoit Toukoit P(X;Y;z) mpocTpaHCTBEH-
HOM obnactu G cBsi3aHA BEKTOPHAs (DyHKIHA

(0]

eé pammyc-Bekropa a =a(P), TO TOBOpAT,

410 B 00sacTu G 3a/1aHO BEKTOPHOE TOJIE.

X

BektopHoe mone ompenensercs TpeMs
CKAJIIPHBIMU XapaKTePUCTUKAMU — KOOPJIUHA-

TaMHU BEKTOpa a, a :{ax,ay,az} Wi a=ai+a,j+ak, rne a,=a/l(xy,z),
a,=a,(x,y,z), a,=a,(x,y,z) - IPOEKIMA BEKTOPHOI'O MOJIsS HA OCH KOOPAUHAT

WIKM KOMIIOHEHTHI BEKTOP-PYyHKIMU. Byjaem cuuTath, 4TO OHU HEIMPEPHIBHBI U
b depeHpyeMbl O BCEM NEPEMEHHBIM.

5.5.1. BekTopHbI€e JIUHUHA

BekTopHoe mojie MOXHO M300pa3uTh rpadude-
CKH, YKa3aB II0JIOKCHNE BEKTOPA @ B HEKOTOPBIX
TOYKaX.

O | BekropHoii iunueii noast @ =a(P) B obnactu

G Ha3bIBACTCS KPUBas, B KAXKI0M TOUKE KOTOPOU

BEKTOP d HAaIIPABJICH 110 KACATEIBbHOMU K 3TOU
KPUBOM.

Haitném ypaBHEHHS] BEKTOPHBIX JIMHUM.
[Ipennosioxkum, 4TO BEKTOPHBIE JINHUU €CTh IIPSIMBbIE,
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X
TOTr'ld UX YPABHCHUI: = = ,
a

Ax Ay Az
— =—=—_ Tak kax 100y10 KpUBYIO0 MOXHO Ha
a a, a

X y z
OECKOHEYHO MAJIOM Y4acTKe BEIMIMHBI

dr = (dx;dy;dz) 3aMeHUTb OTPE3KOM KacaTellbHOH, a
HampaBlieHUE KacaTeIbHOW COBMAAeT C HAIlpaBJIe-

HUEM d , TO YPAaBHEHUS BEKTOPHOU JINHUU UMEIOT
BHI:

dr_dy_dz
a a a .

X y z

Ha camom nene peus uaet o cucreme auddepeHiu-
TBHBIX YPaBHEHUI TIEPBOTO MOPSIKA.

dy _a, dz _a, dz_a

b

dx a, dx a  dy a

X X

@ (x,v,2) =C;
@,(x,,2) =C,,
pelesieT ABYXIapaMeTPUUECKOE CEMENCTBO JIMHUMN U
JIA€T COBOKYITHOCTh BCEX BEKTOPHBIX JIMHUM TTOJIA.

Ob1iee perieHrue 3TOW CUCTEMBI: { or-

0 | BekropHoil TpyOKoOl Ha3bIBAETCSI COBOKYITHOCTh BCEX BEKTOPHBIX JIMHUM, TTe-
PECEKAIOIINUX YacTh HEKOTOPOH JIe)KAICH B BEKTOPHOM TI0JIe TIOBEPXHOCTH 2,
OTPaHUYCHHON 3aMKHYTBIM KOHTYpOM [ .

5.5.2. Ili10cKOe BEKTOpPHOE MoJIe

(0) BCKTOpHO@ ITOJIC HA3bIBACTCA IIJIOCKHUM, CCJIM BCC

Z]
BCKTOPLI JICKAT B INAPATIJICIIBHBIX IIJIOCKOCTAX. 54(}))

YpaBHEHNHE BEKTOPHBIX JIMHUI “
de _dy_dz 5&@

a a 0

X y y

| | B muiockom nosie BEKTOpPHBIE JIMHUU €CTh IIJIOCKHE
KpUBBIE V) = (o(x) :
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Ilpumep:

Haiiti BeKTOpHbIC JTMHUH OIS, €CIIH MOJI€ 33aHO BEKTOPOM
G =-yi +xj +bk BTouke P (1,0,0)

Pemenue:
dx _dy _dz
-y x b
1). ﬁ:ﬂ, xdx =—ydy, xdx+ ydy =0;
xZ 2
?4.% =¢’ic,= ‘/501; x*+y*=c,’ - ypaBHEHHE OKPYKHOCTH.
d d: X =c¢, COSt,
2).—y:—Z,bdy=xdz,{ 2
X b y=c¢,smt,

bc,cost dt = c,costdz , dz = bdt,

) .

Z:bt+cl, y
X =c¢, COSt, X

y=c,sint.

B touxke P (1,0,0):

X = COSt,
YpaBHEHHE BUHTOBOM JTMHUU UMEET BUJI: < ) = Sin, .
z =bt.

6.1. OqHOCTOPOHHUE U IBYCTOPOHHUE IMMOBEPXHOCTH

PaccMOTpUM TIJIaaKyi0 ¥ HE3aMKHYTYIO IIOBEPXHOCTh D, OTPAHHYCHHYIO KY-
COYHO-TJIAJIKUM KOHTYpPOM . DTO O3HA4yaeT, YTO JJIsi YPaBHEHHUS MOBEPXHOCTHU
CYHIIECTBYIOT YAaCTHBIE MPOU3BOIHBIC 10 BCEM IepeMeHHbIM. B Touke P mpoBeném
HOpMaJIb 71 K MOBEPXHOCTH. Yepe3 TOUKy P mpoBeleM 3aMKHYThIH KOHTYp [, He
UMEIOIINI OOIIUX TOYEK C TPaHUIIEH ¥ .
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[Tpu 06x0/1e KOHTYpa BO3MOKHBI JIBE CUTYallUU:

a) HOpMaJlb K MOBEPXHOCTU # TPHU BO3BPAILIEHUU B
TOYKY P COXpaHUT CBOE HANPABIICHUE;

0) Mpu HENPEPHIBHOM JIBHXKEHUH BIOJIb 3aMKHYTO-
ro KOHTypa /', HEeIpepbIBHO MEHSISICh 110 HAIPABIICHHUIO,
HOpMaJlb U3MEHUT HAIpaBJICHHE HAa MPOTUBOIOJIONKHOE
IIPY BO3BPAIICHUH B UICXOAHYIO TOUKY.

B cinydae «a» mOBEpXHOCTh Ha3bIBAE€TCA ABYCTO-
poOHHel, B ciydae «O» — ogHocTopoHHel. COBOKYyI-
HOCTb TOYEK IMOBEPXHOCTU C ONpPEIEICHHBIM HaIpaBiie-
HUEM HOPMaJIU 7i HAa3bIBAETCS CTOPOHOU MOBEPXHOCTH.

I | Kitlaccuueckum mpuMepoM OZHOCTOPOHHEH MOBEPXHOCTHU SIBJIIETCS JUCT Me-
ouyca.

6.2. IL.iomaab MOBEPXHOCTH

[lycte X - He3aMKHYyTasl riajKas MOBEPXHOCTh. Pa3oObeM ee Ha ydacTKu
AY., (i=1,..,n), C IOMOIIBIO CETU KPUBBIX. BpiOepeM B KakIOM ydacTke AX,

Touky P . IIpoBeneM B TOouke P KacaTelabHYHO IUIOCKOCTb K IOBEPXHOCTH X U
crpoektupyeM AX. Ha KacaTeabHYIO INIOCKOCTh. Ha mpoeKnuu noaydum IIocKyro
durypy ¢ miomanso AS;.

0 | [nomanpio MOBEPXHOCTH S Ha3bIBaETCS MPEAE] CYMMBI ILIOIIAIECH ASl.'

(i=1,...,n), Ipu YCIOBUM, YTO AMAMETPbl BCEX YacTel pa3OueHus AX,

cTpemsTcs K Hy ro: S = lim ZAS;.

AZ, 0
A

I | IloBepxHOCTB, MMEIOIIAA IUIOIIA/Ib, HA3BIBACTCSI KBAAPUPYEMOM.

ITycTh HOBEPXHOCTH 3a/[aCTCs SIBHBIM ypaBHeHHEM z = z(X,y), rae z(x,y) -

HernpepsiBHO uddepenuupyeMas (yHKIUS, U OJHO3HAYHO MPOEKTUPYETCS B
IIOCKyt0 obmacte D, Ha KoopiauHatHOW miockoctd Oxy. Hopmanb 7 K

IIOBEPXHOCTH X, KaK BEKTOP, OPTOIOHAIBHBIA K KacaTeJIbHOM IUIOCKOCTH, UMEET

. |0z oz ~
KOMITIOHEHTHI: 7 =< —,—,—1 ¢, 1 HaNpaBIISIOIINE KOCUHYCHl HOPMAJIH 7i PABHBI:
ox Oy
0z
cos(%,i):cosa:i Ox =

(82)2 0z
I+ — | +| —
ox oy
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oz
cos(%]):cosﬁzi 2 =
\/ (62)2 (82]
1+ — | +| —
ox oy

1

cos(%,l;):cos;/:i =
(82) oz
1+ +| —
\/ ox oy

Br16op 3Haka mepea pajnKaioM COOTBETCTBYET OCTPOMY WM TYNOMY YTy
HOpMaJIM 71 C COOTBETCTBYIOUIEH OCBIO KOOPAMHAT U OIPEHEISIET CTOPOHY

IIOBEPXHOCTH X .
Cnpoektupyem
KOOPAMHATHYIO IIOCKOCTh OX) , IIIOMaaAb IPOESKIUN

AS!

AS, = AS!-|cosy| = =
(62)2 0z
I+ — | +| —
ox oy

2 2
AS =25 _As . 14 (sz NN
‘cosy‘ ox oy

Gurypupyommii B ONpEAEICHUH IJIOMAad MOBEPXHOCTH S

sneMeHThl  AS' Ha  KacaTelnbHOM  IUIOCKOCTHM — HA

CnenmoBarteabHO,

¥ Ipenel,
MPEACTaBISIET co00ii BOIHON nHTEerpain no obmactu D,

sl (&) (5

Ecnu ypaBHeHue moBepxHocTd ¥ naHo B Buae x =x(y,z) mm y = y(x,z)

TO INTOIIIaJdb MOXKCT OBITh MMpCaACTaBJICHA KaK

S:”dydz ”\/ (axj (ij dvdz

o \cos a\

HNJIN

_qpdxdz Y (Y
s_” o ‘JNH(@J {azj dxdz,

rae D u D, - NpoeKuun MoBepxXHOCTH X Ha miockoct Oyz u Oxz.
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6.3. CrucremMa KOOPAUHAT M OPMEHTALMS MIOBEPXHOCTH

BBenem cucteMy KOOpAHMHAT B MPOCTpaHCTBEHHOM obnactu G. Cucrema Bek-

TOpOB @, b,¢ o0pa3yeT MpaByr TPOWKY, €CIIU MOBOPOT OT d K b ecu HaOJro-
JaTh €ro U3 KOHIIAa BEKTOpa C , MPOUCXOANUT MPOTUB YaCOBOM CTPEIKU, B MPOTHB-
HOM clly4ae Tpoilka Ha3bIBaeTCs JieBo. B nanpHelmem OyaeM paboTaTh ¢ IpaBoi
CUCTEMOW KOOpJMHAT. B ciydae HE3aMKHYTOW MOBEPXHOCTH CTOPOHY MOXKHO OII-
peaeNuTh, ONpPEeICINB HAIIPABJICHHE 00X0/1a KOHTYpa.

Bribepem ompeneneHHyl0 CTOPOHY HE3aMKHYTOMH
JBYCTOPOHHEN MOBEPXHOCTH, @ B HEW 3aMKHYTBIA KOHTYP
I". OH OopUEeHTHPOBaH MOJIOKUTENIBHO, €CJIM 00XO0J] COBEP-
11aeTcsi MPOTHB YacCOBOM cTpenku (+), U OPUEHTUPOBAH
OTpHULIATEIBHO, €CIIU O0XOIUTCS [0 YaCOBOM CTpEIIKE.

[TocTpoM B TOUYKE MOBEPXHOCTH, JIEKAUIEH BHYTPHU
KOHTYpa, HOpPMaJlb K ITOBEPXHOCTH M BOCIIOJIb3YyEMCS:
«TPaBUIIOM OypaBUMKay.

[ToBepXHOCTH SBJISETCS MOJOKUTEILHO OPUEHTUPOBAHHOM, €CI MpU 00X0/1e
KOHTypa [’ B IOJIOKUTEJIbBHOM HAIlpaBJICHUU IBUKCHUE BUHTA COBMAJAET C Ha-
NpaBJE€HUEM HOpMaiu. Eciin ABWKEHHE BUHTA MPOTHUBOIOJOXHO HAMPABICHUIO
HOpPMaJIH, TO IOBEPXHOCTh OTPHUIIATEIBHO OPUEHTUPOBAHA.

X

| I[JBI SaMKHYTOﬁ IMOBCPXHOCTU CUHUTACTCA, UYTO BHCIIHASA ITOBCPXHOCTH OPUCH-
THUPOBAHA ITOJIOKHUTCIIBHO, A BHYTPCHHAA - OTPULATCIIBHO.

6.4. IloBepxHOCTHBIN MHTerpaJ 1-ro poaa
(PaccmatpuBaiics B paznene «Murerpansl o gurype». Kpatkue cBenenus).

PaccMOTprM NOBEPXHOCTh X, B KaXKJOH TOUKE KOTOpPOH 3ajlaHa (PyHKIUS:
f(P)=f(x,y,z). Ecnu moBepXHOCTh OJIHO3HAYHO MPOEKTUPYETCS Ha TUIOCKOCTh

Oxy B obmacte D, v 3aj1ana ypasHenueMm z = f(x,y), 1o

dxdy

jjf(x y.2)do —jjf(x S m

_Hf(x v,z2(x,)) 1+(ZZJ + g—; dxdy .
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6.5. IloBepXHOCTHBINA HHTErPaJI 2-ro poaa

PaccmoTpum OpreHTHPOBaHHYIO MOBEPXHOCTh X . CHpPOEKTHPYEM 3JIEMEHT
NOBEPXHOCTU AY. Ha KOOPAMHATHYIO IIIOCKOCTh Ox), 0003HAYMB ILIOLIAAb IIPO-

ek AS,. Ha xaxaoMm sjeMeHTe MoBepXHOCTH AX. BbIOEpEM IPOU3BOJIBHYIO

touky P €AY, BoiunciauM B Hell 3HaueHWe (QYHKIMHM W YMHOXKUM €ro Ha ILIO-
1ma (b npoekiuu. CII0XKUB 9TH TIPOM3BEAEHHS, OIYYMM HHTETPAIBHYIO CYMMY:

> F(R)-AS, =3 f (37,52 AS,.

Koneunslli npenen 3TOM MHTETPAIbHOM CyMMBI IPHU CTPEMIICHHHM JHAMETpPA pas-
OMEHMS K HYJIIO Ha3bIBa€TCA MOBEPXHOCTHBIM MHTETPAIOM 2-TO poJa OT PyHKUUU
f(x,y ,z) mo onpeneacHHON CTOPOHE MOBEPXHOCTH M 0003HAYACTCS:

I, = i” f(P)dxdy == _” f(x,y,2)dxdy .

3Hak (+) COOTBETCTBYET MOJOKUTEIBHON (BHEIIHEW), a (—) OTpUIIaTENbHON (BHYT-
PEHHE) CTOpOHaM MOBEPXHOCTH.

Ecim Ha [JaHHOM MOBEPXHOCTH 3alaHbl apyrue ¢yHkuum  fi(x,y,z),
/,(x,¥,2), To MpoeKTHpOBaHUE Ha APyrUe KOOPAMHATHEIE INIOCKOCTH Ja€T MHTE-
TPAJIBL:

I, = iﬂfl(x,y,z)dydz; I :i”fz(x,y,z)dxdz.
z z

CoenMHeHHE dTUX MHTETPAJIOB J1aeT 00IIee BhIpaKCHUE JIJIsT TOBEPXHOCTHOTO
HWHTETpajia BTOPOro poja:

I=+[[ f(x,y,2)dxdy + f,(x,y,2)dydz + f,(x, y,2)dxdz
z

I | Mexny NOBEpXHOCTHBIMH MHTErpajamMu 1-ro u 2-ro poja CyLIECTBYET Clle-
JYIOIAs CBS3b:

j j f(x,y,z)cos ydo ==+ j j F(x,y,2)dxdy,

z P>

IIPUYEM [IPU UHTETPUPOBAHUU I10 IOJIOKUTEIBHON CTOPOHE ITOBEPXHOCTH:
cosy >0; cosydo =+dxdy ,

a 10 OTPULATEIIBHOM:
cosy < 0;cosydo =—dxdy .

I | IloBepxHOCTHBIE MHTErpaibl 2-ro poga o01agal0T BCEMH CBOWCTBAMHU JBOIi-
HBIX UHTETPAJIOB.




54 Jlexyus 5 - 9

[ToBEpPXHOCTHEIN MHTErPa BTOPOTO POAA MOKET OBITh 3aIIUCaH B 6OJIee KOM-
nmaktHoM Bupe. Ilycte a= {ax,ay,az}, rie a,=a/(x,y,z), a,=a,(x,y,z),

a,=a,(x,y,z) - BeKkTopHOe moye. /I KOOpPAMHAT 3TOr0 BEKTOPAa MOYKHO

COCTaBUTh IIOBEPXHOCTHBIA HHTErpaJl BTOPOTrO pPOAA, NPOECKTUPYS KaXKIYIO
KOOPAMHATY BEKTOPa HAa COOTBETCTBYIOLYIO KOOPANHATHYIO IIJIOCKOCTD:

I = ” a (x,y,z)dydz+a,(x,y,z)dxdz + a_(x, y,z)dxdy =
z

= ”(ax(x,y,z)cosa+ay(x,y,z)cosﬂ+az(x,y,z)cosy)d0'.
z

Tak kak 70 - €MUHUYHBIA BEKTOP HOPMAalU K BHIOPAHHON CTOPOHE MOBEPXHOCTHU

T ={cosa,cos f3,cosy}, TO I:”(ﬁ(x,y,z)-ﬁo)da.
>

BBonst do =rn,-do - BEeKTOpPHBIN 3JIEMEHT IUIOLIAAM MOBEPXHOCTH, HAIPABIICH-

HBII IO HOpMaIU 1o U NMEIOLLIHH ey d o, ony4daem [ = ”(d(x, V,z)- d_&)
z

7.1. IIoTOK BEKTOPHOTIO IOJIS

ITycts a =a(P) - HepepEIBHOE BEKTOPHOE
1oJie, @ ~ - OPUEHTUPOBAHHAS KyCOYHO-IJIaaKas
NOBEPXHOCTh (MMEroU[asi KOHEYHOE YHUCIO TIpa-
HUIl - JUHUA u3noma). PazoObeM MOBEPXHOCTH
Ha 1 4acTeu X, X,, ..., X, , KaXJaasd U3 KOTOPbIX

umeer wiowans Ao,, Ao,, ..., Ac,, 1 BeldoepeM

TOYKY P Ha KaXkJIOM U3 y4acTKOB X,. B Touke P,

. - X
IIOCTPOMM €IMHHYHEIN BeKTop HopManu Ho(F) k

IIOBEPXHOCTH X, .
CocraBum Bektop Ao, =n,(P)-Ao,; ¢ nnuHOW Ao, HalIpaBJIEHHBIH 110 HOP-
Maiu n,(P). BeluuciuM ckaiasipHOe IPOU3BEIEHUE (Zz(Pi) : A&i), IIPOCYMMUPYEM
n
0 BCEM YyYacTKam Z(a(Pl.) . A&i) U pacCMOTpPUM TIPEAET CYMMBbI IIpHU

i=1
max (Ao, )— 0.
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0]

7.2.

7.3.

peHHHaHLHBIfI OJIEMCHT IMOBEPXHOCTH, TO

Takum 06pa3zom, 1o JaHHOU (HopMyJie TOTOK CBOJIUTCSA

Ecnu 5TOT mpeien CymecTBYEeT M HE 3aBUCUT OT Crioco0a pa3OueHUs IOBEpX-
HOCTH X HA YYacCTKH X, M OT BBIOOpa TOYKM F, TO OH Ha3bIBAECTCS MOTOKOM

BEKTOPHOT'O 10JIst a = a(P) 4epes moBepxHOCTH 2.

H:ﬂ(&’-d&):ﬁﬁd&: lim zn:(a(P,.)-A&).

max(Aoc)—0 i=1

Hcnonb3ysl BBEIGHHOE paHee MOHSTHE MOBEPXHOCTHOTO MHTErpajia BTOPOTO
poJia, MOKHO OIpPEAENUTh MOTOK BEKTOpa d 4Yepe3 MOBEPXHOCTh X Kak Io-
BEPXHOCTHBIN MHTETpaj BTOPOro pojia OT BEKTOpa d MO MOBEPXHOCTH X.

[ToTok BekTOpa d - CKalsipHasi XapaKTEPUCTHUKA BEKTOPHOTO MOJIA.

CBoiicTBA MOTOKA

[ToTox MeHsIeT 3HAK Ha OOpPATHBIM C UBMEHEHUEM OPUEHTAIIUU MOBEPXHOCTHU
s jj(&,d&):—jj(ﬁ,d&).
=t b

CBOMCTBO aJAUTUBHOCTU MO OTHOIICHUIO K 00JIaCTM MHTErpupoBaHus. Eciu
IIOBEPXHOCTb X COCTOUT U3 HECKOJBKHMX IVIAJKUX 4YacTeu: 2, 2, ..., 2 , TO

n?o

IIOTOK BCKTOPHOI'O IIOJIA a PaBE€H CYMMC IIOTOKOB ITOJIA C?‘-IGpGS IMTOBCPXHO-
CTH:

DI IS U:Z”:Hi :jﬂ(a’,d&)
i iy,

Croiicteo  muncitnocrn  [[ (ol + B)d6 = ol [ (@,d6) + B[ (a.d5),
z z z

ra€ oo nu ﬂ - HCKOTOPBIC ITOCTOSIHHBIC.

Berunciienue moroka

Ecnu BBectn do =nydo - BektopHbll nudde- 17

(@-d5)=(a-iido)=(a-i,)do,
[J@-ae)=|[(a-,)do = [[(p,d)do .

S o> 7

K MHTErpayly 1-ro poja mo MOBEPXHOCTH X OT CKa-



56 Jlexyusa 5 - 9

JIIPHOTO MPOU3BENCHUS BEKTOPa a(P) Ha eIUHUYHYIO0 HOpManb 1,(P ) K 3Toil mo-

BEPXHOCTH X (WMHA4Ye: OT MPOCKIIUHU IO a(P) Ha HOpMallb 71,(P) K IOBEpPXHO-
cTH X).

7.3.1. IIpoekTHpoBaHNE HA OHY KOOPAUHATHYIO IVIOCKOCTH
[TycTb moBepxHOCTh X 3ajJaHa SIBHO ypaBHEHHEM z = f(X,)) ¥ OJHO3HAYHO

MPOEKTHPYETCs B 0011acTh D, Ha KOOPIWHATHOM IIIOCKOCTH Oxy .

Torna {fx,fy, } J_r‘ ‘
Jy . £ _ 1

Jor ey o ey = ey o

¥ TIOTOK BEKTOPA d = Zz(P) = Zz(x, ¥,Z) depes 3Ty IOBEPXHOCTh PaBeH

Hano)da H&’ﬁ _dxdy ”aﬁ \/ Y+ (/) +1 dedy =

‘cos(y)‘

|:>1

S|

=+

9

[l (5o () S (5 )£ 5 ) iy

T.C. BBIYHCJICHHUC IIOTOKa CBOAMTCA K BBIYMCIICHHIO I[BOﬁHOFO HHTCTpAaIA. 3HaK
3aBHUCUT OT HAIIPABJICHUSA MOJI0KUTEIbHOM HOpMaJIN K TIOBECPXHOCTH.

| | AHasornyHble (opMyJibl MOJyYalOTCA IPU MPOEKTUPOBAHUU Ha JPyrHe Ko-
OpJMHATHBIC TIOCKOCTH JIJIsi MOBEPXHOCTEH Buaa x = f(y,z) u y = f(x,z).

7.3.2. IlpoekTHPOBAHME HA TPHU KOOPAUHATHbIE MJIOCKOCTH

ITycTb MOBEpXHOCTH ¥ 3ajaHa (HesiBHO) ypaBHeHHeM F(x,y,z)=0;

=+ F ) F) ' F

\/(ny)Z N (Fy,)l N (FZ,)Z > \/(Fx,)Z N (Fy,)2 N (FZ,)Z ’ \/(FX,)2 + (F},)2 N (F.Z,)z
IIycts «, 3,7 - yribl, KOTOpBIE 00pa3yeT HOPMAJb C OCAMHU KoopauHart. To-

raa opT n, UMECT KOOPAUHATHBI: 79 =4 COSX,COS J,COS .
0 ]
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Taxk xak d :{ax,ay,az},To (@,ny)=a,cosa+a,cos B+a,cosy

)51

”(iﬁo)dot”ax cosado + J.J.ay cos Bdo + ”az cosydo.
z z z z

PaccMoTpum otnenbHbIE ClaraeMele: ”az cosydo. IlycTh MOBEPXHOCTh X ONU-
>

ChIBACTCS ypaBHEHHMEM z = z(X,y), TOr/1a, T.K. none a(P) B OBEPXHOCTHOM HHTE-

rpajie Oepércst B Touke P € X, To JUIs Jr000H ero KOMIIOHEHTHI KOOpIMHATA Z BbI-
_ dxdy

- ‘cosy

drdy = i” a_(x,y,z(x,y))dxdy .
‘cosy‘

pakaeTcs dYepes X u ), az(x,y,z):az(x,y,z(x,y)), do

b

” a.cosydo= ” a_(x,y,z(x,y))cosy

Dxy Dxy

3Hak (+) COOTBETCTBYET OCTPOMY YIUIy MEXIYy HOpPMajbio U ocbio z (cosy > 0),
3HaK (—) — TYOMY YIJ1y MEXIYy HOpMaibko U ocbio z (cosy < 0).
AHaJIOTHYHO,

” a,cosado = i” a (x(y,z),y,z)dydz,
z

Dyz
” a,cos fdo = iJ‘J‘ a,(x,y(x,z),z)dxdz,
z Dxz
Y OKOHYATEITHHO UMEEM:

” (a,do) = i” a (x(y,z),y,z)dydz i“ a,(x,y(x,z),z)dxdz

Dyz Dxz

+ ” a_(x,y,z(x,y))dxdy.

Dxy

I | 1). 3Hakm mepex ciaraéMpIMM COOTBETCTBYIOT 3HAaKaM HalpaBIIAIOIIMX
KOCHHYCOB HOpMaJIl COS,COS 3,C08 ) .

2). Bpluncnenue moToka BEKTOPHOTO TOJII CBOAMTCS K BBIYMCICHHUIO TPEX
JBOMHBIX MHTErPAJIOB MPU YCIOBHUH, YTO MOBEPXHOCTh B3aUMHO OJHO3HAYHO
POEKTUPYETCS HAa BCE TPU KOOPJMHATHBIE IIIOCKOCTH. Eciam 3To He mMmeer
MECTa, MOBEPXHOCTh HY>KHO Pa30UTh Ha OJIHO3HAYHO MPOEKTUPYIOUIUECS yda-
CTKHU.

3). Yka3zanHas GopMysa yCTaHaBIMBAET CBSI3b MEXKIY IMMOTOKOM M IMOBEPXHO-
CTHBIM MHTETPAJIOM 2-T0 pojia

[[(@.d&)=+[[(a,(x,y,2)dydz +a,(x, y,2)dxdz +a.(x,,2)dxdy).
z z
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7.4. PDu3nuyecKnii CMBICJ MOTOKA

Iycts a(P) - mome ckopocTeil HEKOTOPOW

KUIAKOCTH, d =V, a ¥ - TpPOU3BOJbHAS TOBEPX-
HOCTH B  IOJ€, TOTJAA: (5,d5):(d,ﬁo)d0

:‘V‘COS(DdO':HpﬁOV-dO' - 00BEM cTONOa KUIIKO-
CTH C OCHOBaHHEM dO ¥ BbIcOTOl [lp,V , T.e. 00b-

eM KHUJIKOCTH, TPOTEKAIOIICH depe3 MIOMAIKy do
B €IMHUIly BPEMEHHU B HalpaBlIeHUU 7,. CyMMHpYs

10 MOBEPXHOCTH X, MOJy4YaeM, YTO ”(Ez’-d&) -
z

MOTOK JKUJKOCTH, MPOTEKAIOMEH dYepe3 IMOBEpX-

HOCTh 2 B €IUHUIlY BPEMEHH.

Ilpumep:

Beraucnuts  1moTok BCKTOPHOTO 1IOJIA paJguycC-
BEKTOpa d =7(X,),z) Yepe3 BHEIIHIOK CTOPOHY

uuiuHapa (H— BeicoTa, R- paauyc).
Pemenue:
a(P)=r;2=2% Uz, Uz,
CII/IOBATEIBHO,
=11 +11,+11,.

1, = [[(d,d&)= [ (7.i,)do=0.

1, = JJ(&,d&)zy(F,ﬁo)do-:...

(M3 PHCYHKA SICHO, YTO POEKIWS 7 HA HOPMAIb K 2y , (r -1,

...=ﬂRda=R”da=2;rR2H.
%, 2,

...ZHHdO':HHdO' - 7R>H .
%, %,

=11, +1I, + IT, = 37R°H.

(M3 pUCYHKa SICHO, 4TO POEKIHUS 7 Ha HOpMalb K 2, paBHa 0).

(M3 PUCYHKa SICHO, YTO IPOCKLHS 7 HA HOPMAIb K 23, (Ei -7,
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Ilpumep:
BBIUUCINTE TOTOK BEKTOPHOTO TOJIS
ZI(P) = y2}+ zk 4yepe3 BCIO MOBEPXHOCTh
2 2 Zﬂ 1\”“ z 2 I-I
(HOpMaJh BHEIIHSAA) X : EEXEYy Z=2
Clz=2. ' Q o
w2, M,
Pemenue:
PazoObeM MOBEPXHOCTH Ha JBE YacTH Y
Y=%UZX, u mpemcraBuM MOTOK B BHIEC X
=11 +11,,
1, = [[(a.d6)=[[(@.5,)do , a(P)=(0,",2); n=(2x.2y.-1),
5 ol
‘ ‘ Ja4xT+4y" +1, no = (3HaK BeIOMpaeTcs «+», Tak Kak cos y <0),
i
—~ 2x 2y -1
no = ; 5 .
VA 1417 +1 47 +4)7 +1 J4x7 +4)7 +1
3 2 3 _
= ik o= [ -
" J4x® +4y° +1 «/4 +4y° +1
= H(2y — (% + y)))dxdy=...
D,,
{mepeiizieM B MOJSIPHYIO CUCTEMY KOOPJIMHAT }
2z V2
...=Id(pjpdp(2p sinp—p*)=...=-2r.
1, = j j =£J’ (a,7
{10 =(0;0;1) = (d,mo)=z2}
= ” zdxdy = 2” dxdy =27z(x/§)2 =4r.
D,, D,,
II=1I+1I, =-2r+4r=2r.
Ilpumep:

Haiitu notok BekTopa a = xyi + yz j + xzk depe3 4acTb

chepsl x* + y° +2z° =1, pacrnonoXeHHyIO B IEPBOM OK-
TaHTe (HOpMaJlb BHEIITHSI ).
Pewrenue:

11 = ”axdydz +a,dxdz + a_dxdy
z

(KOMITOHEHTHI TIOJISL U 00JIACTH UHTETPUPOBAHUS 00JIaIAI0T CUMMETPUEH OT-
HOCHTEIIBHO 3aMEHBl X — Y —>Z U Dz = Dyyy = D xz)
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e 3_” a.dxdy = 3” xyJ1=x* =y’ dxdy = = 3”J/.2d¢).1[pcos\/l—p2pdp=i7z.
ny

Dxy 0 0 1 6

BaxHo 0TMETUTB, 4TO COS @, cOS f, cos y > 0, Tak KaK CTOPOHA IMOBEPXHOCTH
BHEIIIHSSA, ¥ TIEpe]] BCeMU MHTErpasiaMu Oepercst 3Hak (+).

7.5. InBepreHumss BEKTOPHOIO IOJIS

JuBeprennusi - 370 auddepeHmaibHas U JOKadbHas (3aBUCUT OT TOYKH)
KOJIMYECTBCHHAS XapaKTepUCTUKa BEKTOpHOTO mois. Ilycth BekTOp-QyHKIUSA

a(P)=a,i+a,j+a.k uMeer HENPEPbIBHBIC YACTHBIE MPOM3BOJHBIE MEPBOTO MO~

PSAZIKa [0 BCEM IIEPEMEHHBIM.

O | /luBepreHuneil BEeKTOPHOTO IOJIA a= ;z(P) B Touke P(x,y,z) Ha3bIBaeTCs
aax(x’yﬂz) + aay(x’y’z) + aaz(‘xﬁyﬁz)

gucio diva = , WU, OITyCKasl apryMeH-
ox oy oz

Yo aax aay aaz

TBI: divd = + + . HUcnonw3yss omepatop ['amunbroHa (Habna):

ox oy 0Oz

- 20 -0 -

V:16—+ ]a—+ka—, JTUBEPTCHIIMI0 MOYKHO 3aIlicaTh B BUIE CKAJIAPHOTO
X y /4

npousBeaeHus diva =(V,a).

7.5.1. CBoiicTBa q1MBepreHU U

1. Jluneinocts div(Ad + ,ul; ) = Adiva + ,udivI; , TN A U A - TPOU3BOJIbHbBIC
MTOCTOSTHHBIC.

2. Ilycrb u=u(x,y,z) - ckangapHoe nose, Toraa div(u-a)=u diva + (a - gradu).
JlokazaTenbCTBO:

div(u - a)

_Ou-a,) N o(u-a,) N Ou-a,) _
ox oy 0z

adu ao0u qdu
= + +

u( oa, - % + oa, )=dgradu +u - diva .
ox oy oz ox oy Oz

Ilpumep:

1). le?zx7+yj+21€.

div?=ix+iy+iz:l+l+l=3.
x oy Oz

_ .0 0
2).a=(c,c,,cy), diva = acl +5c2 +EC3 =0.
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7.6. ®Pu3nyecKuil CMBICJI MOTOKA Yepe3 3aMKHYTYI0 IOBEPXHOCTh

PaccmoTpum 3aMKHYTYIO MOBEPXHOCTD Y, OorpaHHu- -~
YUBAKOIIYI0 00beM G B BEKTOPHOM TOJIe d = a(P) CKO-
pocTeit TeueHusT HEC)KUMAEMON KHUAKOCTH.

[ToTok BekTOpa Zz:Zz(P) 4yepe3 MOBEPXHOCTh X,

17 = [ﬂ[ (a,do) paBE€H KOJIHUYCCTBY JKHUAKOCTH, IIPOTCKAIO-
x

el yepe3 MOBEpPXHOCTh X B €AMHUIYY BpeMeHu. O060-
3Ha4YMM €IMHUYHBIA BEKTOpP BHEILIHEU HOpMAIH 7, . Bek-

TOPHBIC JIMHHUKW BXOAAT W BBIXOOAT H3 SaMKHYTOﬁ I10-

4
BEpXHOCTU X . B Touke B yron @,no) >E; 3TO 03HAYAET, YTO KXUIKOCTb BTEKACT

_ T
BHYTpb MOBEPXHOCTH. B TOUKe BhIXOHA P, %,no) < 7 CJIeI0BATEIbHO, KUIAKOCTh

BbITeKaeT. [[0TOK BEKTOPHOTO MOJs d 4epe3 3aMKHYTYIO TIOBEPXHOCTh X YHCIICH-
HO paBEH Pa3HOCTH MOTOKOB >KUJKOCTH, BTCKAIOIICH M BBITEKAIONICH B €IUHUILY
BPEMEHH CO CKOPOCThIO d B IIPOCTPAHCTBEHHYIO 00J7acTh G, OTPaHUYCHHYIO X .
[Tycte I1>0, cnemoBaTenbHO, KUAKOCTH BBITEKAeT OOJIbIIIE, YeM BTEKAeT, B
obnacty G €CTh HCTOYHHUKH TT0JIS.
Ecmu 11<0, BTeKaeT KUIKOCTH OOJIbIIIE, YeM BBITEKAET, TO B G €CTh CTOKH.
Ecmu I1=0, To B o0nact G UCTOYHUKOB ¥ CTOKOB MJIM HET, MJIM OHH KOMIICH-

CUPYIOT JIpYT Apyra.

7.77. Teopema Octporpajackoro - I'aycca

Ecnu B HekoTopo#t obnactu G TpEXMEPHOTO MPO- 2
CTPAaHCTBA, OIPAHUYEHHOW 3aMKHYTOW KyCOYHO- DI
IVIaJIKOM MOBEPXHOCTHIO X, 3aJIaHO HEMPEPBIBHO IU(D- 3.

(epennpyemoe BekTOpHOE TONE d=al +a,j+ak, 3

TO MOTOK BEKTOPHOTO MOJISI d Yepe3 BHEIIHIO CTOPO- / D Hr Y
HY 3aMKHYTOW MOBEPXHOCTU X PABEH TPOMHOMY WHTE- X '

da, Oa, Oa

rpaixy oT QyHKIUH * +—~+—=| mo obnactu G,
ox Oy Oz

OrpaHMYCHHOU TTOBEPXHOCTHIO X

L da, Oa, oa
H:@(a-da):jg 8x+8yy+az dxdydz ,

I1¢ CUMBOJI m[ 0003HaYaeT HHTCI'paJI 110 SaMKHYTOﬁ IMOBCPXHOCTH.
2z

(8]
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Jloka3aTenbCTBO:
Yacrs 1.

PaccMoTpum o6nacte G, mpaBuiIbHYIO B HampaBieHUH ocu Oz, KOTOPYIO Oy-
JIeM Ha3bIBaTh jaeMeHTapHoil H, o0nacThio. DTO 03HAYaeT, UTO CHU3Y U CBEPXY
OHA OrpaHUYEHA MOBEPXHOCTAMHU: 2,: z=2z,(X,y) U 2,: z=2,(X,)) COOTBETCT-

BEHHO, a COOKY IMJIMHAPUYECKON IOBEPXHOCTBIO X, C OOpa3yIOIIMMH, Mapaj-

nenpHbIMU ocu Oz, U HanpasJstoniei /.
PaccMoTpuMm oJ1HO cliaraemoe:

Z ()C, y) _
Il S

‘Zz dxdydz = £ j dxdyz (ZZ dz = y dxdya,(x,y,z)

:II dxdy{az (X,y, Z, ()C, y)) —a, (x,y, z, (x,y)} _

yV

= ” a,(x,y,z,(x,y))dxdy — ” a.(x,y,z,(x,y))dxdy=...
Dy, D,

{fma 2, cosy >0,amna X, cosy<0.
VYuuteiBas, uto dxdy = ‘cos ;/‘d O , IOJIy4aeM:
Ha 2,: dxdy =cosydo,
Ha X, : dxdy =—cosydo } ...Znaz(x,y,z)cosyda +jjaz(x,y,z)cosyd0 =...
%, Z;

Jlo6aBUM MHTErpai 1no X, Haz(x, ¥,Z)C0Sydo B MOMYYEHHYI0 CYMMY, TaK Kak Ha
2,

2, COSy BCIOAY PAaBEH HYJIIO, a CIIEJOBATEIbHO, U ” a.(x,y,z)cosydo =0.
23

Torna
...=”az(x,y,z)c0s7/d0' +jjaz(x,y,z)cosyd0 +”az(x,y,z)cosyd0 =
s %, 23
= ” a_(x,y,z)cos ydoz“az(x,y,z)cosyda :
545,45, b
Yacrs 2.

PaccMoTpumM mpocTpaHcTBeHHYIO 007acTh (G, KOTOPYIO MOKHO Pa30oUTh Ha n

n

3JIEeMEHTapHBIX obnacreit H, tuna, T.e. G = UGk . JokaxxeM, 4TO U B 3TOM cily4ae
k=1

crpaseiuBa teopema Octporpaackoro-Iaycca.

ITyctp ng), 2(2k), ng) - HUOKHSS, BEPXHSS U OOKOBasi YaCTH IMOBEPXHOCTH > ,

orpannumBaronieit oonacts G, ,
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TOrga

8 noeed
[ i [ a‘; dxdydz = ; (I aiz dxdydsz =

G/c

:i ”azcosydaJr”aZcosyda+”azcos7/d0 =”@COS}/dG,
k=l | sk 2,k T z

k k k
TaK KaK MHTETPaAJIbI 10 2(3 ) paBHBI HYJIIO, a 110 IIOBEPXHOCTHU 25 ''n 2(2) COCTaBJIA-

k
IOT B CYMMC MHTCI'paJI 110 ITIOBEPXHOCTHU Z( ) .

Yacrs 3.
Awnanoruuno i H, u H, obnacTeii cripaBeinBo:

J.”%dxdydz = [ﬂ a,cos fdo; m (Zax dxdydz = [ﬂ- a cosado.
c 9 > = Ox

)

CKJI&I[BIB&SI IMOYWICHHO, ITOJIYy4YacM YTBCPKIACHHUC TCOPCMEIL.

I | 1). Koopnunatnas ¢opma 3anucu teopembl Octporpajnckoro-I'aycca nmeer
BU/I:

da, Oa, Oa,
[H(ax cosa+a,cos f+a_cosy)do = :”j( + +—=)dxdydz ,
. < Ox 0y Oz
rJie CoS,cos [3,C08y - KOOPAUHATHI €AMHHYHOTO BEKTOpA BHEIIHEH HOpMa-

JIA.

2). Ucnonw3ys oOo3HaueHue auBepreHiuu, Gopmyny OcTporpaackoro-
["aycca MOXHO 3anucaTh B BUJE:

[[ (@ 7,)do =|[[diva dxdydz = [[[(V-a)dxdydz.

[ToToK BEKTOPHOTO MOJIsI (BEKTOPA) Yepe3 BHEIIHIOI CTOPOHY 3aMKHYTOM MO-
BEPXHOCTH X paBEH TPOWHOMY HWHTETpally OT divd TIO MPOCTPAHCTBEHHOM
obnactu G, OrpaHUYCHHON TIOBEPXHOCTHIO 2 .
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IIpumenenue Teopemsbl OcTporpaackoro - 'aycca

Ilpumep:
Brruunciienue 00eMoB.
Iycte a(x,y,z)=7r; ¥ =(x,,2); div@ =div(r)=1+1+1=3.
J.”3dxdydz = {:fxcos ado + ycos fdo +zcospdo
G z
1
V= 3 U] (xdydz + ydxdz + zdxdy) .
2
Ilpumep:
BrrunciieHue moToKoB.
BEIYHCINTB MOTOK MONS d = X°1 + y° ] + z°k depe3 3aMKHYTYIO TOBEPXHOCTh
5. x’+y’+2° =R’
z=0 (z220). Za
Pemenue:
e [ﬂ. (a’do*-)ZI‘”divadxddeZ > )
> ¢ B{
jﬂ(zx +2y +22)dxdydz=...
¢ Y
{nmepeiném B chepruyuecKyro CHCTEMY KOOPIH- X D,
HaT}
2z 77 R 4
I d(pI sin GdHJ. r*dr(2rcos@sin @ + 2rsin@sin @ + 2rcos )= )
Ilpumep:
HaiiTi 10TOK 0111 @ = x°i + y°j + z°k depe3 BHEIIHIOK CTOPOHY HOIycde-
2 + 2 + 2 — R2
pei: 2 Yoy ’
z20.
Pewrenue: z
Bocnonb3yeMcsi  pe3ynbraTaM  MPEIbITYIICH | I
3a1a4i. 3aMKHEM IOBEPXHOCTb 2, MOBEPXHO- ﬁ%
Y
CTBIO 2, , KOTOpas MPEJCTABIAET COOOi YacTh x “TY 3%,
mockoctu XOY.
17=171+172=i ,=1-11,, I, ﬂ (a@,7i,)do=
2
=.{a-i,=(x*,y",2")-(0,0,~1) =~z _” 2do =0,
R4
TK.Ha 2y z=0u 1], =H—H2=ﬂ2 .
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7.8. UuBapuaHTHOE Onpeae/ieHUue TUBEePreH U

[Tycts a=a(P) - BEeKTOpPHOE TOJE, yAOBIETBOPSIONIEE YCIOBUIO TEOPEMBbI

Octporpaackoro — I'aycca. Ilycth Touka M - mpousBosibHas Touka oOnactu G.
Bri6epem noBepxHOCTh X, oXBaThiBarolryto odiacts G. U3 teopemsr Octporpan-

ckoro — ["aycca cienyer, 4To [ﬂ (a,ny)do = j H divad dxdydz .
) G

Bocnone3zyemcst TeopeMoit 0 cpelHEM, COTJIaCHO KOTOPOW CYILECTBYET Takas TOY-

i] (a-ao)
ka M,, npunamnexamas G, aro diva |, -V = m[ (@a-do); diva(M,) = ZT,
z

rae V —oowem G. Ilycts X craruBaercs B Touky M, torna M,—M, a diva(M,)
[Jj[ (@-d&)
o — o — _ . 2
—diva(M), diva(M) = Eh_)r{l[ Y

[TockonbKy mpaBasi 4acTh BBIPAKEHUSI HE 3aBUCUT OT CUCTEMbl KOOpAMHAT (MHBA-
pUAHTHA), TO UHBAPUAHTHO U IAHHOE OINPEJEICHUE JUBEPTEHIINH.

7.8.1. ®u3nyecKuii CMbICJ JUBEPreHIINA

[jj[(a-da)

ITOCKOJIBKY BETMUMHA —=————— HMEET CMBICI CPEIHEN MIIOTHOCTH MOTOKA

Ma,d&

B IPOCTPAHCTBEHHO# 00acT G, To lim =——— = diva ecTh IUIOTHOCTH TIOTOKA B
XM

Touke M.
Toukn  monsi, B  KOTOPHIX  JIUBEPreHLMS  MOJIOKUTEIbHA,  T.€.
diva(M )>0= /1 >0, Ha3pIBalOT UCTOYHUKAMH BEKTOPHOTO IOJIs, & TOYKH, B

KOTOPBIX JUBEpPreHuus orpuiarenbHa, diva(M)<0= 11 <0 - cTokaMu BEKTOP-
HOTO ITOJIS.

C | BekropHble IMHUKM BEKTOPHOTO T0JI1 HAYMHAKOTCA B TOYKAX MOJIS C MOJIOXKHU-
TEJIbHOW JUBEPIEHIIMEN, 4 3aKAHUUBAKOTCSA B TOYKAX C OTPULIATEIBHON TUBEP-
TSHIIHNEH.

O | Bennuuny ‘div a(M )‘ Ha3bIBalOT MOIIHOCTHI0 HCTOYHUKA WU CTOKA.
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8.1. JInHeHHBbIN HHTErPAJI B BEKTOPHOM I10J1e

PaccmoTpuM KyCOYHO-TIAAKYI0 KPUBYIO L U Ayry
AB  (o0o3nHaueHue UAB) u  BEKTOpHOE IOJE

a=(a,a,a.), HenpepbiBHOC Ha L. PasobbeMm nyry

UAB mpou3BOJILHBIM 00pa3om Toukamu Ay, A, ...A, Ha
n gacreil. O003HauMM A7, - BEKTOp, CTATUBAIOIINN KOH-

bl 1yru UA A, | . Beibepem Touky P € UA A, . Haliném
ckalsipHoe npousBeneHue (d(F)-A7) U NpoCyMMHpPYEM IO BCEM y4acTKaM IyT

n

S, =Y (a(P),Ar). Berancium npezien lim S, = 1‘15;‘1 OZ(Zz(E)-A?i).
P n—o0 max|Ar; |—> =1

O | Ecnu 3TOT mpenen CymecTBYET W HE 3aBUCUT OT CIocoOa pa3OueHus Iyru
UAB Ha OTJIeNIbHbIE YYaCTKH U OT BbIOOpA TOYKH P;, TO OH Ha3bIBaeTCs JIM-

HEeHBIM MHTErpajioM BEKTOpa a 1o ayre JAB B HampasiieHHH OT A 110 B.
O6o03HaueHue: j (a,dr). KoopaunatHast ¢popMa 3anucu:

UAB

J (a,dr)= I adx+ady+adz= J a,(x,y,z)dx+a,(x,y,z)dy +a.(x,y,z)dz,

UAB UAB UAB

j(a,df)z lim i(@(}g).Az).

max|A%|—0
UAB

| | JIuHeiHbI MHTErpajl UHOTJA HAa3bIBAIOT KPUBOJUHEHHBIM MHTETPAIOM BTO-
poro poza.

8.2. CBolicTBA JIMHEHHOI0 HHTErpaJia

1. CBOWCTBO IMHENHOCTH:
j ((Ad + ub),d7)=A j (@,dF)+ u j (b,dF).
UAB UAB UAB
2. CBOWCTBO agIUTUBHOCTH:
j (@,dr)= j (@,dr)+ j (@,dr) .
UAB UAC uCB
3. Ilpm w3MeHEHUW HANpPaBICHUS WHTETPUPOBAHUS
JMHEWHBIA UHTETPAJ MEHSET 3HAK: J (a,dr)=- I (a,dr).
UAB UBA
CaoiicTBa 1-3 10Ka3bIBaIOTCS U3 ONPEACTICHHUS.
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I | OnpeneneHne KpUBOJWHEMHOTO MHTETpaja OCTAETCs CIIpa-

BCIJINBBIM, €CJIN HaYaJIbHAasA U KOHCYHAasA TOYKa COBIIadarOT.

O | KpuBosnHEHBIN HHTETpA 110 3aMKHYTOMY KOHTYPY Ha3bl-
BACTCS LMPKYJIsIUel BEKTOPHOTO IMOJS MO 3aMKHYTOMY

KOHTYpy: C = m(&,d?).
L

+

[TomoXuTeNbHBIM HaIpaBiCHUEM 00XOJa CUUTACTCA TO, MPHU KOTOPOM 00-
J1aCTh, OTPAHUYECHHAs KOHTYPOM, OCTaeTCs CJIEBa.

8.3. Boluuc/ieHHe JJMHEITHOTO0 HHTErpaJia

[Iycte UWAB € L v xpuBas L 3a1aHa napaMeTpUYECKUMU YPaBHEHUSIMU

(x=x(1)
Liyy=x@),
z=12z(t)
Xy = x(Z,) x, = x(t,)
IPU 3TOM IIpH { = ¢, uMeeM TOUKy A:qy,=y(t,),npu t =t By, =y(t),
z =2(ty) z,=z(t))

TOT A

[ @dr)= [ a.(xy,2)dx+a,(x,y,2)dy +a.(x,,2)dz=

:J' {a, (x(0), y(), 2(1)) - x(2) + a, (x(2), y(1), 2(D)) (1) + a. (x(1), y(1), 2(2)) 2(2) }dt ,

rJIc TOYKM HaJ NEPEeMEHHBIMH X, V, Z O3Ha4aroT TuddepeHImpoBaHUE IO Iepe-
MEHHOM /.

Ilpumep:

x = Rcost

TaHo: @ =zi +xj + vk, L: {y=Rsint , A(ty =0), B(t, =2 1).
ot

o

BrruucanTs TMHEMHBIA HHTErpall 0 UAB .
Pemennue:

z

[) @dr)= | zdcxdy+ e =

27
= _[ {i(—RSint)+RcostRcost+LRsint}dt =R’ +R.
2 2
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8.4. Pusnyeckuil CMbICJ JMHEHHOI0 HHTErPaJia

Paccmotrpum B KayecTBe mons a cwily F, IPUIOKEHHYI0 K MaTepUaJbHOU
TOYKE P 1 MEHSAIONIYIOCSA IO BEJIMYMHE U HANIPABJICHUIO NTPYU U3MEHEHUN MECTOIO-

JoxxeHus Touku P. A= (F -dr) - pabota 1o nepemMenieHno MaTepualIbHON TOYKU

10 y4acTky dr , Torjaa J (F-dF)= A - paboTa cuisl F 1o TiepeMelIeHHIo MaTe-
V4B
pHAIIBHOM TOYKH 1O yre AB.

8.5. Porop (BMXpPb) BEKTOPHOIO MOJIA

Ilyctb BekTop-QyHkums a=a(P)=(a,,a,,a.) SBIAETCS HENPEPHIBHO AU(-

dbepeHupyeMoii B KaXI0W TOUKE 00JaCTH OIIPEICIICHHUS.

PoTopom BeKTOpHOTO T0JI (BEKTOpPA) @ HA3BIBAETCS BEKTOP, 0003HAYAEMBIN CUM-
CHUMBOJIOM 70t d , paBHBIN

- 0 - _( 0
rota =i Ca, _ %4, +j(aax 8azj+k 9 _oa,

0]

oy 0Oz 0z Ox ox Oy

910 BBIPAXCHHUC y,I[O6HO 3aIlInuCaTb B BUAC CUMBOJIMYCCKOT'O OIIPCACIUTCIIA

i j k

_ o o0 o0
rota=-— — —|,

ox 0Oy Oz

a, a, a,

KOTOPBI BBIUUCIIAETCS PA3JIOKEHHUEM II0 TIEPBOM CTpOKe (10 6A3HCHBIM BEKTOPAM
i,],k); mponsBeneHNe YaCTHBIX IIPOM3BOIHBIX HA KOMIIOHEHTHI BEKTOPA MOHMMa-
oa

X

eTcs Kak Au@epeHIIMpoBaHue MOCIEIHUX, T.6. —a, = u 1.0. C ncnoap3oBa-

X

0z 0z

HUEM olieparopa Haba rotd = [? xda ]

I | Ecnu B HEKOTOpO# TOUKE nonst rotd =0, TO mOJIe B TOW TOYKE HA3bIBACTCS

0E3BUXPEBBIM.
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Ilpumep:

a=(x+2) +(y+2)j+(x*+2)k .

P
o 9
ox oy

x+z y+z x"+z

rota =

8)|Q) =

=i - D)

(3 42— (xR - D)

=—i—jx-1)+0k={ -1,1-2x,0 }.

8.5.1. CBoiicTBa poropa (BUXps)

1. Jluueitnocts: rot(Ad + ub) = A-rotd+ p-roth ,rae A 4 - HEKOTOPBIE
nocTosiHHbIe. MHaue, [W x(Aa + yg)] =1 [? X Zz} + ,u[ﬁ X 5]

2. Ilycrb u=u(x,y,z) - ckansgpHoe moJie, Toraa rot(u - Zz) =
=[gmdu xa‘]+u -rota.

B BekTOpHBIX 0603HaueHnIX: [V x (ua)]=[Vuxa]+u[V xa].
Jloka3aTenbCTBO:

P
ool L 2 22 a2y 3Ly -2
[Vx(ua)]=|— o o l(@y(u%) aZ(uay)j J (ax(uaz) 8Z(Wx)}r

+l€(ﬁ(ua )—E(uax)j—u{f(gaz—ga J—f(gaz—ga )+l€(£a —ga j}+
&7 oy oy oz " ox oz o ooy

~(Ou  Ou ~( Ou ou ~( Ou ou -~ _
+i|—a ——a, |-j| —a ——a, |+k| —a ——a, |= u-rot(a)+[gmdu><a].
Y ax " oy

|\L

a = const, rot(|77|é) = [grad|?| xd]+|f|rotd = [grad|l7| xdl]= {

X
INY
| |
Il
= -
—
~N
X
IS
—_—

N
N
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8.6. Teopema Crokca
(ycraHaBJHBaeT CBA3b MEKAY HUPKYJIALHEH U POTOPOM)

LII/IpKmeuHﬂ HEMpephIBHO  TU(PGEPEHIIMPYEMOr0  BEKTOPHOTO  TOJIS
a= ai+a JJta. k mo MPOU3BOJBHOMY KYCOYHO-TJIAJIKOMY KOHTYPY L BBIYMCIIS-

eTcst o hopmyJie

Eﬁa dx+a,dy +a_dz —”{[ aaayjcosa+
Z

L Oy

oa,
+ Ca, _0a, cosf + e, _oa, cosy rdo.
oz ox ox oy
[Tpu 3TOM BBIOOP CTOPOHBI MOBEPXHOCTH X U HAIpaBiieHne 00Xoaa KOHTypa L co-
rJ1acOBaHbI (11O MPAaBUITYy BUHTA).

Jloka3aTenbCTBO:

I[J'I}I A0Ka3aTCJIbCTBA CTPYIIIMPYCM CllaracMbIC B IIpa-
BOM 4aCTH C OJHWHAKOBBIMU KOOpAWHATAMU BCKTOpA & :

” (rota - dO') H( )dO' + e f ,@Q,,»D”x()a Y
+H(%cosy—%cosa]d0 - ”(&12 ZCOS[B]dJ
S\ ox 0z S\ oy ox

PaccmoTpuM niepBBIil U3 HHTETPAJIOB:
oa
—_ X
y _.U 0
> Z
[TycTh TOBEPXHOCTh X OJHO3HAYHO IIPOCKTHUPYETCSA HA KOOPIUHATHYIO
mwiockocts Oxy | T.e. mo0as npsaMas, napamienbHas ocu Oz, mepecekaer ee He 60-
2 2
. _ 0z Oz
jJee 4YeM B OJHOW Touke; Torma Xx: z=z(x,y), |A|=,/|—| +|—| +1;
ox oy
0z 0Oz |
= =
ox 0Oy cosff Oz

n, = =——, TaK KakK yrojl M€XJIy OpTOM 7, U OCbIO

O ozY (ezY ' cosy %
— |+ | +1
(é’xj [8y)

(aax cosf aa")cosyda.
Oz cosy Oy
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07 (%,OZ)<%; cosydo =dxdy. Ilepexond K NABOMHOMY HHTErpaiy 1o D,

”—) ” , TIOJTy4YUM
b D,,

oa (x,y,z) \0z Oa.[(x,y,z)
" ”{( oz jﬁy v }dmy'

[To dopmyne nuddepeHIpoBaHUs CIOKHOW (PYHKIINH, 3aMTUCHIBAsI TTOJIHYIO MPO-
U3BOJIHYIO CIOKHOUM (QYHKIIUU, UMEEM:

oa (x,y,z(x,y)) _ oa (x,y,z) N da(x,y,z) Oz

b

oy oy 0z oy
2(x)
= j j 2(x,y))dxdy = | dxyj z(x, y))dy =
a  y(x)

a5 7200 205, 7 (et 1, (5, 374 (30, 2534 () =

=max (x,y,z)dx.
L

JlokaxkeM mociennee mpeoopazoBaHue.
[ljax (x,y,z)dx = _[ax (x,y,z)dx + _[ a (x,y,z)dx=...

L L L,
{mycTh L 3a7aHa mapaMeTPUUYECKH } ...

:J‘: Clx()C(t),y(Z),Z(Z)) ’ X(I)tdt + J: ax(x(t), y(t),Z(f)) ) x(t)zdt:
At=x; i), =1}...=
=[P, (.3, ()20, )l + [, (3, (). 2, (2

OcranpHble JBa ClIara€MbIX PacCMaTpPUBAIOTCA aHAIOrM4yHO. [louneHHoe cymMmu-
pOBaHUE ITHX BBIPAXKEHUI MPUBOIUT K hopmyre CTokca.

' | 1). Ucnons3ys o6o3nauenue poropa, popmyny CTOKca MOKHO MEPENNCATH B
BEKTOPHOM BH/JIE: Dj(c‘z,d?)=“ (rotda-dao). IloTok BekTOpa rotd 4epes3 opu-
L 2

CHTUPOBAHHYIO IIOBEPXHOCTb X PaBEH LUPKYJALUU OIS a II0 KOHTYpY L,
OPUEHTUPOBAHHOMY B COOTBETCTBUM C OPUEHTALIUEN X .

2). Jlms Toro 4ToObl KPUBOJMHEWHBIA HMHTETpal MO J0OOMY KyCOYHO-

[JIaJKOMY KOHTYPY PaBHSJICS HYJIIO, HEOOXOIUMO U JIOCTATOYHO, YTOOBI BbI-
da, Oa, Qa, da, Oa, oa,
0z ox  ox oy

IMOJHAJINCH YCIIOBHA Crokca: ) ;

oy 0Oz
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Ilpumep:

Brerauciauts HUPKYJSIOHAKO BEKTOpa

a= Vi + xzj —zk 10 KOHTYpy L:

2, 2y X =2cost;
Xty =4 )
{ 3y » <y =2sint;-
z=3;
z=3.

Pemenue:
1) Boruncnum HUpKyJISLIUI0 BEKTOPa HEMOCPEACTBEHHO:

2z
C =([lydx + x’dy — zdz = [ dt{2sint-2(~sint) +4cos’ - 2c0st —3- 0} =
L 0

2 27 27 2z
. . 1—cos 2t . .
=-4 j sin® tdt +8 jcosz tdsint= —4 J‘%dﬁri% I(l—sm2 tydsint =
0 0 0 0

1 : .
:_E4t "+ sin2¢|,”" + 8sinz |, — 8

Sin3 t o0
=—4r,
3 lo
2) Beruncaum nupKysIsiuio BeKTopa 1o teopeme Ctokca::
z > 5

[[(rota).do=[[(-1+2x)do=...

8)|Q) e

{rota =

=0i+0;+(~1+2x)k } = [[ (2x~1)dxdy =
D,

< Do~
><N@Q|Q) <.

—Z

2z 2 2 2z 2
= [dp[@pcosp—N)pdp = [pdp [ (2pcosp—Ddg = [ pdp2psing |™ 27} -
0 0 0 0 0

) )R- R Ly
2

8.7. UuBapuaHTHOE Olpe/Ie/IeHHe poTopa

i j k
_ |0 o0 0
Panee ObuTO0 MaHO ompeneneHue poTopa rotd =|— — —|, COpaBEIJIUBOC
x oy Oz
a, a, a,

JIMIIIb B I[GK&pTOBOfI CUCTEMC KOOpAHHAT.

Teopema CTokca MO3BOJSIET AaTh HMHBAPUAHTHOE (HE3aBHCAIIEE OT CHCTEMBI
KOOPAHMHAT) ONpeAeTICHNE POTOPA BEKTOPHOTO MOJIS.
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[lycts a=a(P) - BEKTOpHOE TMOJe, YAOBIETBO-

)

pstoniee Teopeme CTOKca; 1, - HEKOTOPOE (PUKCUPOBAH-

=l

HOE€ HampapJ€HWEe, NpOXoAdAllee depe3 TOoukKy M, D
D - mnockas o0nacTb BEIUYMHBI S,,, OXBATHIBAIOILAS

Touky M, a L - rpanuna obnactu D. HampaBienus 06xo- L
7a KOHTypa L m opueHTtanusi o0iactu D coraacoBaHbI B
COOTBETCTBUHM € Teopemoin CTokca:

m(a_-d?)zn-(rota-dé) Wi H(rotd-do"):J‘J‘HpﬁOrota_da.

Io Teopeme o cpenHeM cymectyer touka M: Ilp, rota(M,)-S,, = [lj(d -dr).
L

[ﬁ(a-df)
Torna Ilp, rota(M,) :LS—' bynem craruBath koHTYp L B TOUKy M, Torna
D
fi(a.dr) fi(@.dr)
Touka M, — M u Tlp, rota(M)= Lh% LS— [Tockonbky LS— - CpenHss
- D D

NOBEPXHOCTHAS! IUIOTHOCTh LMPKYJSALMU MOJSI MO Iuiomaau Sp TO MPOEKUUs
rot(d) Ha NpaBJICHUE 7, HE 3aBUCUT OT BhIOOpA CHUCTEM KOOpAMHAT M paBHA IO-

BEPXHOCTHOM IUIOTHOCTU LIUPKYJISLIUU BEKTOPA @ I10 KOHTYPY L, KOTOPBIUA CTSTU-
BACT IUIOLIAJKY, IEPIIEHAUKYJIIPHYIO 9 TOMY HAIIPaBICHUIO.

8.8. ®usnueckuii CMbICJI poTOpa

[Iycth BexkTOp a =V (P) 3agaeT noJsie JUHEHHBIX CKOPOCTEH >KUAKOCTH, ABU-

Kytencs BOKpyr ocu Oz, 1 B TOUke P yriioBasi CKOPOCTh BpallleHust @ = wk .

— —

i ]k
Tornma V(P)=dxF=[0 0 | =-oyi + ox],
X y z
BBIYHCITAM
ik
ro?(Py=| < L L0740+ (@0 +w)k =20k
ox oy oz
-0y wx 0

Wtak, poTop moJisg TMHEUHBIX CKOPOCTEN PAaBEH YJIBOCHHOW YIJIOBOW CKOPO-
CTH BpallleHHs] @ OECKOHEYHO MaJIOT0 00beMa, OKPYKAIOIIETro TOUKY P, B IPeAno-
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JIO’KE€HUH, YTO B pacCMAaTPUBAEMbI MOMEHT BPEMEHHU ATOT O0BEM KUAKOCTH BHE-
3aIHO OTBepJeN. DTO OOBSICHSAET HA3BaHUE «BUXPb» BEKTOPA, TAK KaK B OOBIYHOM
IPEICTAaBIICHUN BUXPb CBSI3aH C MHTEHCUBHOCTBIO BPAILEHUS IBUKYIIMXCS YaCTHULL
KUAKOCTH (TypOyJIEHTHOCTb, BOAOBOPOT).

8.9. ®opmyua I'puna

[lycTh B OJHOCBSI3HOM IUIOCKOM oOsiactu D, umerole rpanuily L, 3alaHo
HenpepeiBHO  AuddepeHiupyemMoe BEKTOpHOE ToJie  d =ax7+ay j, Torma

oa, oOa
m(axdx +a,dy)= ” (—%——%)dxdy, npu 3TOM KOHTYp OOXOAMUTCS TaK, YTOOBI
7 5 Ox Oy
obnacte D ocTaBanach cieBa.

JlokazaTesnbCTBO:
PaccmoTpum dopmyy Ctokca Jij1si JAHHOTO CITydas: [ﬁ(a -dr) :.U (rota-do).
L z

i j Kk
2—>D: ‘cos(y/)‘ =1, dxdy = ‘cos(y/)‘da; rota = i i g ;

ox Oy Oz

a, a, 0

0
OTKYyJa CIeayeT ” (rota)_dxdy = I j (& — %)dxdy :
5 S Ox Oy

Oo6macte D MOXeT OBITh U HEOIHOCBA3HOI. B

3TOM CJIydae MO/l JIMHEHHBIM WHTETPAJIOM T10- @ @

HUMAaeTCAd CyMMa HMHTETPAIIOB IO BCEM KOM- 5
MOHEHTaM IpaHullbl D. L,

L=LJL,JL,

B HexoTopsix ciayyasx ¢opmyna ['prHA MO3BOJISET YIPOCTUTH BBHIYHCICHHUE
LHUPKYJSALMU BEKTOPHOIO MOJIS.

Ilpumep:

Brruucnutes HUPKYIALMIO BEKTOpA y

a=~1+x>+y* +y[xy+In(x+ 1+ x>+ y*)]j

1o kKouTypy L: x> + y* = R%.

Torna: C=[ﬂ«/1+x2 +y2dx+y[xy+ln(x+«/1+x2 +y° )]dy-
L
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[Tpomuie BBIYUCIUTE HUPKYIAHIO 1o hopmyre ['puna:

X
Y 1+
oa, y aay ) [ w/l+x2+y2J
= N :y + =
y J1+x* +y° Ox x+4/1+x> +y?
2 2
(\/1+x +y +x) , y

IR 1+x2+y2 (x+\/1+x2+y2)=y +\/1+x2+y2.
C= [Jj(a dr)= ”(8‘1 xdy = jj£y+ y y }‘dy

\/l-i-x +y° \/1+x +y°

:Lﬂyzd"a’y:f dcojpdp(/o2 sin’ w)ﬂ%dﬂﬁdp:
e 0 0

9.1. IloTreHUAJIbLHOE BEKTOPHOE IOJIE

0]

Ilpumep:

BekTopHoe 1mosie @ Ha3bIBAETCS MOTEHIUAJBHBIM, €CJIH OHO SIBJISIETCS Tpa-
JUEHTOM HEKOTOporo ckamspHoro mois (pynkmum) u=u(P), T.e.
d =grad(u). DTO BEKTOPHOE PAaBEHCTBO PABHOCUJIBHO TPEM CKaJSIPHBIM:
ou(x,y,z ou ou
ax(x,y,z):M ;a,=—a, =—. WNnaue: du=adx+ady+a.dz.
y z X y z
ox oy 0z
@OyHKIMA © B 3TOM CIIy4ae Ha3bIBAaCTCs CHJIOBOW (PyHKUMEH, WIK MOTEH-
HMAJOM TIOJIS.

HOTGHHI/IaJ'I u onpCaACIACTCA C TOUYHOCTBIO A0 ITOCTOAHHOI'O CJIaracMoro.

e
3
r

IlokasaTp, 4TO 1OJIe @ = — 7 TOTEHIHMAJIBHO.

Penrtenue:

e
PaccmoTpum dyHKIMIO © = ——;
r

ou a(lj 10 s 1( 2x J x
=—e—|—|=e5—Xx +y +z ==e— =e—;
)

ox ox\r ¥’ ox r X+ 42 r

ou y Ou z e _ .

—=e>,; —=te—<= grad(u)=+—7; da=grad(u)= u - NOTEHIHAI
oy r oz r r
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9.1.1. Yci10BHUS MOTEHINAJLHOCTH MOJISI

1.  Lupkynsuus BEKTOPHOTO MOJIS M0 JTI0OOMY 3aMKHYTOMY KOHTYPY, J€XKalleMy
B 00J1aCTH HEMPEPHIBHOCTH MOTEHIUAIBLHOTO TOJIS, paBHA HYIIIO.

Jloka3aTenbCTBO:
PaccmoTpum
i j k
2 2 2 2
roz‘(gmd(u))zi 9 iz Ou _ou Q- Ou _Ou j+
ox Oy Oz 0y0z  0zOy Ox0z 0z0x
ou ou o
Ox Oy Oz
2 2
+ Ou O -k=0=rota=0.
Oxoy  Oyox

[To Teopeme Crokca [ﬁ(& : d?)=” (rota - %) =0.
L z

2. JIuHeWHBIA MHTErpajl B MOTEHUUAIBHOM I10JIE HE 3aBUCUT OT IIyTH UHTErPH-
POBAaHUSA U PAaBEH PA3HOCTU NOTEHLMAIOB IOJS B KOHEYHOM M HayaJbHOU
TOYKAX MHTETPUPOBAHUSL.

JlokazaTenbCTBO:

ou- ou- Oux
Tak kak moje noTeHUaNbHO: d = grad(u)=—i+—j+—k

x oy Oz

j (a,dr)= J. adx+a,dy+a.dz= j [G_ud %dy+a—udzj

UAB UAB UAB ax ay aZ

j {—x(t)+— (t)+—z(t)} j Sir= jdu_u(x(t) y(0),2(t)) 2 =

= u(x(ty), (), 2(t5) -u(x(2,), ¥(2,),2(2 ) = u(B) —u(A4).

T | (Yenosue 3) Jlnst Toro 4ro0bl BEKTOPHOE 110J1€ d = d(P) B HEKOTOPOH OIHO-

cBsi3HOM oOmact G OBUIO MOTCHIIMAIBHBIM, HEOOXOIMMO M JOCTATOYHO,
yTO0OBI OHO OBLIIO 0€3BUXPEBBIM, T.€. rot(a)=0.

JlokazaTenbCcTBO:

Heob6xonumocTs.

[lyctba = a(P) - noreHmaibHoe nojie = a = grad (u)
= rotd =rot(grad(u))=0.
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JloCTaTOYHOCTB.

B cuny cBoiicTBa 2, ecnu 3apuKcUpOBaTh Ha-
yanbHy0 Touky A4(0,0,0), KpUBOJIMHEWHBINA HH-
TerpaJl CTaHET HEKOTOpou (yHKIMEH mepe-

MeHHOU Touku P(x,),z): u(P) = I (a,dr).
UAP
BeluucnuM 1OpoW3BOAHYIO MO HANPaBIECHUIO
byukiuu u(P) B Touke A. Ilpu nmepexone ot
TOYKU P K Touke P' QyHKIUS u MOJY4YUT MpH-
pameHue Au = j (a,dr)= I IIp,,adl =1lp,,a(R)-Al, rtne B € PP' mno

UPP' UPP'

P1(x.y..y.) P2(x,yy.)

A
TeopeMe o cpeaHem. CienoBaTesibHO, A—’; =Ilppa(B). Ilepexons k npeneny

nmpu P—> A4 u Al >0, umeem lim Au = ou =1IIp ,,a(A4). IlockonbKy npouns-

A0 Af ol

u
BOJIHAS TTOJIS 3 M0 HampaBlieHUI0 AP paBHsAeTCS mpoekuuu grad(u) Ha 3TO

HaIpaBJICHHE, TO = d = grad (u).

| VcaoBue 3 yacTto HCIIOJIB3YIKOT B KAUCCTBC KPUTCPUA ITOTCHIHAJIbBHOCTH BCK-
TOPHOTI'O ITI0JIA.

9.1.2. BoluncjieHue MoTeHIMAJIA MoJIst
[ToTeHMam BEKTOPHOrO MOJIS IO YCJIOBHUIO 2 zZ

MOJKET OBITh HalJIeH 10 (opMyIie P(x.y.7)
u= J adx+ady+adz, rne A (xo, yo, Zo) - Puk-
uAP
CUpOBAaHHAs TOYKa IOJIsl, KOOPAMHATBHI KOTOPOH 4(0,0,0) -
yAOBJIETBOPSIIOT YCJIOBUSIM CYIIECTBOBAHUS TOJIEH y
a u rota ( xak mpasuio, 4(0,0,0)), a P(x,y,z) - Te- B (x,0,0) B (x.3.0)
X

Kyliast Touka noJsisi). JIMHeiHblil HHTErpan BhIYUCS-
eTcs 1o J0oMy KOHTYpy Ayru L: UAP . Haubonee
yA00€H ISl BHIYUCIICHHS] KOHTYP B BUJE JIOMAaHOM,
3BEHbSI KOTOPOU MapajuiesIbHbl OCSIM KOOPAUHAT.

B sTtom cnyuae

X y z
u(x,7,2) = [ a,(x, y0,20)dx + [ a,(x,1,2,)dy +[ a,(x,y,2)dy .

X0 Yo 20
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Ilpumep:

— 2% - 27
JlokazaTh, yTo mone a@ =x"i + )~ j + z 'k sBIseTCS MOTEHIUATIbHBIM,
Y HalTH ero MoTeHuua.
Pemenue: Mcnonb3ys kputepuii moTeHIMATBLHOCTH M0 (ycnoBue 3),
umeeM: rot(d)=0=> a - TOTEHIIHAILHOE TOJIE.

u= [ (@dr)= [ Pdc+y’dy+2dz= [ .+ [ .+ |

V4B V4B VAR URP, UPRP

UAR: y=0=dy=0;z=0=dz=0;
UPP,: x=const=>dx=0;z=0;

UPP :x=const=>dx=0; y=const=>dy =0

3

! z 3 3
yzdy_i_J‘szzzu +c
0

MZ‘IXZdXJF 3

=

C+yi4z 0 3% 3y
3 3

[Iposepka: gradu = grad(

9.2. CosteHOHIAJILHOE TT0JIE

0]

BekTopHoe mose d = da(P) Ha3bIBaeTCs COJICHOMAAIBHBIM (TpyOUYaThiM), €Cliu

B Kax10i Touke P 3amanHoro mons div(a)=0.

9.2.1. CBolicTBa COJICHOMIAILHOIO MO

l.

ConeHouIaIbHBIC TI0JIS HE UMEIOT HCTOYHUKOB M CTOKOB, YTO CIIEYET U3 OII-
penencHus.

[ToTox a uepe3 moOyI0 3aMKHYTYIO OPHUEHTHPOBAHHYIO KYCOYHO—TJIAJKYIO
MMOBEPXHOCTB, JIEKAIIYIO B TI0JIE PABEH HYJIIO:

n=[ff (@ -do)=[|[divadv =0.

B conenouanbHOM 1ojie BEKTOPHBIC JMHUU HE MOTYT HaYMHATHCS WJIM KOH-
4aThCsl BO BHYTPEHHEW TOUYKe 00JACTH; OHHU JIMOO 3aMKHYTHI, MO0 HAaYMHA-
I0TCS M KOHYAIOTCSl HA TPAHULIE TTOJIS.

[ToTOK BEKTOpPHOTO MOJIsSI Yepe3 MOMEepeyHOe CEUYCHHE BEKTOPHOW TPYyOKH B
COJICHOMAAJIbHOM T0JI€ OCTAETCs MOCTOSIHHBIM BJOJIb BCEU TPYOKH.
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JlokazaTenbCTBO CBOMCTBA 4:

Paccmotpum 061acTh crienManibHOrO BUAA
- BEKTOpHYIO TpYOKYy 7 OrpaHUYEHHYIO JIBYMS
MONEPEYHbIMU CE€UEHUAMHU X, 2> U OOKOBOI
IIOBEPXHOCTBIO 3.
Bpruucirum moTok 4epe3 ykKa3aHHYH MHOBEpPX-
HOCTb.

=11, + T, + 1T, = [[[divadV =0
T

(o cBOWMCTRY 2);
1723 = 1T 6oxosoii nosepxnoctn = H (a-do")=”(&-ﬁ0)da =0, Tak KaK Ha MOBEpX-
23 23

HOCTU BEKTOPHOM TpyOKH 23 BEKTOp 4 HalpaBlIeH IO KacaTeIbHOM K
MOBEPXHOCTH, T.C. (d L 7,)y = (a-ny)y =0

Takum oOpazom,

I, +11, =0, = [T, =—TIT, , jj(a,da)z —jj (a,da):jj (d,d5) .
ol T, + 5,-

Ecnu mpuaate BEKTOPHOMY MO0 CMBICI CKOPOCTH TEYEHUS KUIKOCTH, TO
KOJIMYECTBO JKUJKOCTH, BBITEKAIOUIEH W3 NONEPEYHOrO CEYEHUs BEKTOPHOMU
TpyOKH, BCErJa paBHIETCS KOJIMYECTBY KUIKOCTH, BTEKAIOLIEH B HEE.

Ilpumep:

1). SIBnsieTcst MM COJICHOMIATLHBIM TI0JIC:
a=y1-(+y)]+z3)* +)k?
Pemenue:

diva =-2y+3y*+1#0 = a - He CONEHOUANBHO.

2). Ilpu kakoM YCJIOBHUM BEKTOpHOE Mojie d =¢@(r)-7 OyIeT colleHOouIalb-

HbIM?
Pemenue:
diva = div[p(r)r] = @(r)divi + (grade(r)-7) =3@(r) + @'(r) EL . 17} =
r
300+ 2902 Z 300 1 9/ (r)r
r
do dr
nmm 3p(r) = —rg'(r), re'(r)==3¢(r), — ==3—,
@ r
c c
Inp=Inc-3Inr; ¢ =— - none coNEHOMNANBLHO, €CIIH @ = — .

3
r r
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9.3. Oneparopsl 'amuiabrona u Jlaniaca

9.3.1. Oneparop I'amuibToHa (HabJ1a)

MHuorue onepanuyu BEKTOPHOTO aHAIM3a MOTYT OBITh 3allMCaHbl B COKPAILICH-
HOM M ynoOHOW 11 pacu€roB (popme ¢ MOMOIIBIO CUMMBOJIMYECKOIO OlepaTopa

[aMunbTOHA «HabIa»: V :fi + }i + 123 = 2,2,2} .
ox "oy 0z |Ox Oy Oz

Bripaxenue Buna Vu(x,y,z) NOHUMAETCA KaK pe3yJibTaT JEUCTBUSL ONEPaTO-
pa Ha COOTBETCTBYIOIIYI0 (yHKIMIO. Torma

= e a - 6 -7 a 5Lt-: al/l - al/[ 7 g - 7 —
Vi, y,2)=| i—+j—+k— [ ulxy,2)=—i+—j+—k=uji+tu, j+ulk , gradu=Vu.
& "oy & ox oy oz
B sTom oneparope coenuHeHbl UG depeHInaIbHbie U BEKTOPHBIE CBOWCTBA,
MI09TOMY TIPH IEHCTBUSAX C HUM HEOOXOUMO TOJIH30BAThCS MPABUIIAMH BEKTOPHOU
anreOpsl U ¢ dHepeHIIPOBaAHUS.

BrImiostHSIsT TECTBUS C OnepaTopoM «Habjay, ya00HO MCIOIh30BaTh TaK Ha-
3bIBAEMbI CMMBOJIMYECKHHA METOJ, OCHOBAaHHBIM HAa MPUMEHEHUH CIEIYIOIINX
MIPaBUIIL:

1. Ecnu oneparop V neicTByeT Ha Kakoe-JIMOO MPOU3BEICHNUE, TO BHAYaJE HC-
MOJIb3YIOTCS ero AuddepeHuanbHbie, a 3aTeM BEKTOPHbIE CBOMCTBA.

2. UtoObl OTMETUTH TOT (PaKT, YTO «HAOJIA» HE BO3JACUCTBYET HA KaKyrO-IUOO
BEJIMYMHY, BXOJSAUIYIO B COCTAB CJIOKHOU (POPMYJIbI, 3Ty BEJIMUYUHY IMOMEYa-
10T UHJEKCOM ¢ (const).

3. Bce BCJIMYUHBI, HA KOTOPLIC OIICPATOP «HabJ1a» He HeﬁCTByeT, B OKOHYATCJIb-
HOM BApHUAHTC CTABATCA BIICPCON HCTO.

Ilpumep:

Hcnonb3ys CHMBOIUYECKUI METO/, BEIYUCIUTh div[a X b] .

Pemenue:
Bocnonb3yemcs cBOMCTBaAMH CMELIAHHOTO IIPOU3BEICHUS:

div[axb|=(V-[axb)=(V-[axB ) +(V-[a;xB]) = (b Vxa ] ~(a] b ] =

—b- rot(a —;-rot(g) )
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9.3.2. Oneparop Jlansiaca
Huddepennmanbupie onepaiyuyl BTOPOTO MOPsAIKa BOZHUKAIOT B PE3ysibTaTe
JIBYKPATHOTO MPUMEHEHHUS K TIOJISIM OIlepaTropa «Halmay.

Ecnu B obnactu G 3ama”o ckanspHoe noje u =u(P), To onepanus B3sITUS
rpaJMeHTa MOpOXKJIAaeT BEKTOpHoe moyie: grad(u). B BekTopHOM 1OJIE

Vu =grad(u) omnepamysi B3ATHS IMBEPreHIMH I[OPOXKIACT CKAIAPHOE MOJIe:
(V-Vu)=div(grad(u)), a omepamust B3STHS pOTOpa - BEKTOPHOE IIOJE
[6 X §u] = rot(grad(u)).

Ecnu B ob6nactu G 3amaHo BekTopHOe mosie d =d(P), TO onepanus B3sITUS
JMBEPTeHIINN MOPOXKAaeT ckamsipHoe mone: div(d)=(V-a). B ckanspHom mone
div(a)=(V-a) omepauus B3STHSA TpPaiMeHTa IOPOXKAAET BEKTOPHOE IIOJE:
V(V-a@) = grad(div(a)) .

Eciu B obnactu G 3amaHo BeKTOpHOE mojie d =da(P), To omnepanusi B3sTUS
poTOpa MOpoXKJIaeT BeKTOpHOE noJie rot(a). [IpuMeHss mOBTOPHO K 3TOMY MOJIIO
omepatop V, HONTyYHM CKAIAPHOE MOJIE div(rot(d)):(ﬁ-[ﬁxd])n BEKTOPHOE
nosie rot(rot(a)) = [? X [W X dﬂ :

[Ipu nomomnm omnepatopa ['aMHIIBTOHa OCHOBHBIE MOHSTUS TEOPUU IMOJS
MO>KHO 3aIMCaTh B BUJE ONepaIiuii BEKTOPHOM anreOphl.

PaccMOTpUM HEKOTOpPBIE ONEpaIiii BTOPOTO MOPsJIKa.

1. Buxpeoe noie sBisieTcsi coneHonaanbHbIM: div(rot(a)) =0.

PaCKpOCM CMCHIAHHOC ITPONU3BCIACHUC, YUUTBIBAA, YTO BCKTOPHOC IIPOHU3BCIC-
HHC OIVMHAKOBBIX BCKTOPOB PABHO HYIJIIO:

(9[xa))=(@¥x¥])=(a-0)=0.

2. BekrtopHoe mone a= grad(u) saBisieTcss OE3BUXPEBBIM, TaK Kak
rot(grad(u))=0. JIelcTBUTEIBHO, [ﬁ X ﬁu} = [6 X ﬁ}u =0-u=0.

3. Paccmorpum onepaumto div(grad(u)).

ou - ou —J :8214 N o’u 0Ou B

. ou —
di dw))=(V-Vu)=div| —i +—j+—k +—=Au.
iv(grad(u)) =( u) zv(axz J oot u

oy 0z
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. o0 o
O | TuddepeHunanbHblil oneparop Buaa A =— +—— +— Ha3bIBAaCTCs Olepa-
ox~ oy oz
topoMm Jlamumaca. Oneparop Jlamuiaca MOXHO NIPENCTABUTH KaK CKAISPHOE
npou3sBeneHue oneparopa ['amunpTona camoro Ha ceds:
S - o° o 0
A=(V-V)==(V) =—5+—+—.
ox~ oy~ oz

VYpasuenne Buga Au =0 Ha3bpiBaeTcs ypaBHeHHeM Jlamnaca u SBISETCS OAHUM U3
OCHOBHBIX ypaBHEHUN mMaTemaTuueckou (us3uku. HenpepriBHOE pellieHne ypaBHe-
Hus Jlanmaca u(x, y, z) Ha3pIBaeTcs rapMoHnYeckoi (pyHkuueir. CooTBETCTBYIOIIEE
CKILIPHOE I10JI€ HA3BIBACTCS TAPMOHUYECKUM WIIH JIAIIIIACOBBIM.

I | BexkropHOe 1one sBISIETCS TapMOHUYECKUM, €CIIM OHO SIBJISIETCS OJIHOBpE-
MEHHO MOTCHIIMAJIBHBIM M COJICHOMAAIBHBIM: rotd =0; diva =0.

I | PaccmoTpum oneparuto rot(rot(a)).

dopmyna JBOMHOTO BEKTOPHOTO IIPOU3BEACHUSA JIaeT:
[Ez X [Z; X Eﬂ =b(a-¢)-c(a-b) {bopmyma «bary muHyc uab»}. Torma
[vx[vxaﬂ = V(V-a)-a(V-V)=  V-divi-V’a=grad(divd)—Aa.

JuddepennnanpHbie onepauy BTOPOro Mopsiika y100HO CBECTH B TaOJIHILy.

CkaJsipHOE T0JIe BekropHoe nosie
grad div ot
grad grad(diva)
div div(grad(u)) = Au div(rot(a))=0
B rot(rot(a)) =
rot rot(grad(u)) =0 grad(divi) — Ad

Ilpumep:

3aKOHBI 2JIEKTPOMArHeTU3Ma ONHCHIBAIOTCS YpaBHEHUsIMU MakcBeiia B qud-
(hepennmanbHOM Ghopme:
E - = H o = S & =
ﬁa_:[vXH],; —ﬁa_:[vXE],; (V-E)=0;(V-H)=0.
c ot c Ot
Nnuaue:

£9F ol (1), divE=0 (2); _HOH i (3), divH=0 (4).
c ot c Ot
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B maHHOM ciydae HeT 3apsI0B M TOKOB, a £, H - BEKTOpHI HAIPSIKEHHOCTU
ANEKTPUYECKOTO U MAarHUTHOIO MOJNEN; &, A - DIEKTPUYECKass U MarHUTHas Ipo-

HHUIACMOCTDb, € - CKOPOCTb CBCTaA.

oH
Eciu npoauddepenumponats (1) mo ¢ u noacraBuTh EI/IB (3), TO noxy4uMm

c0’E |- OH sud’E o re -
— =|Vx— | wim — =| Vx| VxE ||. IIpeoOpa3zyemM npaByr 4acTb IO
¢ ot ot ¢ or [ ﬂ PEODPASYEN TIPEEY
dopmyse: [?x[?xEﬂz?(?-E)—AE.
~ O°E ¢
Ntak, 1151 BEKTOPHOTO 1ojisl £ MMeeM ypaBHEHUE . =— AFE.
cu

DTO OJHO W3 OCHOBHBIX YpPaBHEHUU MaTeMaTHUeCKOW (PU3HMKHU, HA3BIBAEMOE BOJI-
HOBBIM YPaBHEHHUEM.

B pesynbrare n3ydeHus MaTepuana, H3JI0)KEeHHOTO B 3THX JICKIIHSIX,
CTYJEHT JIOJKEH BJIAJIETh CAEAYIOINMHU MOHATUAMU U YMETh BHIYUCIIATH:
" CKaJSIPHOE U BEKTOPHOE MOJIsl, CIIOCOOBI HATJISTHOTO OMUCAHUS
(TIOBEpXHOCTH U JIMHUH YPOBHS, BEKTOPHBIC JINHUH ),
" JHTETPAbHBIC XapaKTEPUCTHKU BEKTOPHOTO TTOJISI:
MOTOK, CTIOCOOBI €T0 BBIYUCIICHUS, (PU3UIECKUN CMBICIT,
JMHEWHBIN HHTETpa, ClIOCOOBI BRIYUCIEHUS, PU3UIECKHII CMBICIT;
» nuddepeHmanbHble XapaKTEPUCTUKH CKAIIPHOTO U BEKTOPHOTO TIOJIEH:
TPaUEHT, €r0 CBOWCTBA U CIIOCOOBI BHIUYMCIICHHS,
TUBEPreHINs, €€ CBOMCTBA U CIIOCOOBI BHIYUCIICHHUS;
pPOTOp, €r0 CBOWCTBA U CIIOCOOBI BBIYMCIICHUS;
" CBA3b MeXAy AU PepeHIInaTbHBIMU U HHTETPATLHBIMU XapaKTePUCTHKAMU
(Teopema Octporpazackoro — ['aycca, Teopema Ctokca);
WHBapHaHTHbIE orpeneiaeHus tuddepeHImantbHbIX XapaKTepUCTHK;
® crenuagbHble BUIBI BEKTOPHBIX MOJIEH, UX CBOMCTBA;
= oneparops! I'ammiibToHa 1 Jlamiaca.




Jexknunm 10 - 11
YUCJIOBBIE Ps/1bl

B nexmusx 10 — 11 paccMaTpuBarOTCsl YUCIOBBIC PAJIBI — BaXKHEHIIIEE CPEICTBO U300paxke-
HUSI, U3YYECHUS! U TPUOIMKEHHOTO BBIUMCIIEHUS uncel U ¢yHKuuid. IIpuBeieHbl OCHOBHBIE TO-
JIO’KEHUSI, TTO3BOJISIONINE HCCIIEeI0BaTh BOIPOC O CXOJUMOCTH psijia M, B OTIEIbHBIX CIyyasx,
HpI/I6JII/DKCHHO BBIYUCIIATE 3HAUCHUC CYMMEBI psjia.

10.1. Yucnosslie psasl. OOIIME MOT0KEHHS
10.2. PaapI ¢ DOJIOKUTEILHBIMA YICHAMA
10.3. Teopembl cpaBHEHHSI PSJIOB C TOJIOKUTEIHHBIMHA YHCTIAMHU
11.1. locTaToyHbIe IPU3HAKU CXOJAUMOCTH YUCIIOBBIX PSIIOB
C TIOJIOKUTEIHHBIMU YJICHAMU
11.1.1. [Ipuznak [JanambGepa
11.1.2. [Ipuznak Komm
11.1.3. HTerpanbHbIil IpU3HAK CXOAUMOCTH
11.2. 3HaxkonepeMeHHbIE PsAJIbI
11.3. 3nakouepenyromuecs psaabl. [Ipuznak Jleitbnuia

10.1. YncaoBbie psaabl. O01Iue M0JI0KCHUS

O | Bepaxenne » u, =u;+u, +...+u, +..., rae {u,} - 3a1anHas GecKOHeU-

n=l1
Hass 4HUCJIOBas MOCICAOBATCIBbHOCTb, HA3BIBACTCA YHCI0BBIM pﬂIlOM, a
qyucliia u, - qJc¢HaMHU pﬂlla.

0 | Koneunsie cymmsr S, =u,, S, =u,+u,,..., S, =u, +u,+...+u, Ha3bIBAIOTCS

YaCTUYHBIMUA CYMMAaMHU pdaa.

(0] Ecnn CylmeCTBYyCT KOHEYHBIN npcacii mocjaca0oBaTCIbHOCTH YaCTUYHBIX

CyMM S =1imS,, TO psiJi Ha3bIBACTCS CXOASAMIMMCSH, a YUCIO S - CyMMOM
n—>0

paaa. B nmporuBHOM ciydae (S, —»0,3S) pAx pacXoaHMTCH M CyMMBI HE

HNMCCT.

Ilpumep:

y SR
Hccnenyite Ha CXOAUMOCTD PSA: E _—
n=1 n(n + 1)

1 1 1
Yactuunag cymma S, =——+——+...+———.
-2 2.3 n(n+1)

1
Paznoxum ———— Ha cymMMmy mpocTeHmux apooei: = ,
n(n+1) nn+1) n n+l
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TOorZa

Sn=1—]_l/+é/— + 4+t —L=1—L,
n n+l n+l

limS, =1, psa cXOAHUTCSA MO ONPEAEICHUIO.

n—>0

Ilpumep:

NgE

n =00, psiJl PACXOIUTCH.

S
Il
—_

- =-1+1-1+1-... $;=-1, §5,=0, S;=-1, §,=0,...

N
iM:

II

o

€AC]I HaCTUYHBIX CYMM HE CYHICCTBYCT, pAd paCXOoUTCA.

n—

q""'=1+q+q” +... Ilo popmyie cyMMBbI FeOMeTPHUECKOi IPO-

b(l1-q" —q"
I(—),Im;{ b, =1 nonyvaem S, = =g .

l-¢g l-¢q
1). Ecau ‘q‘<1, 10 ¢" ———=>0 u lim$§, :L—S.

n—0 —_ q

NgE

n

rpeccun S, =

2). Ecim ‘q‘ >1, T0, ¢" ——=>0 §, >0 = npenen S, HE CYyNECTBY-

eT.
3). Ecnu g=1,T10 S, =n, lim§, =o0.

n—>0

0, mnpu 1 YETHOM,
Ecau g=-1, to §,= U Tpeaes He CYUIECTBYET.
I, 1Tpu n HEYETHOM

Urak, iq"‘l

n=1

{cxoz[mc;[ npu ‘q‘ <l

pacxoauTcs Mpu ‘q‘ >1.

T OT6paCI)IBaHI/Ie KOHE€YHOI'O 4YuCJila HAYAJIBbHBIX YJICHOB psga HEC BIUACT

Ha €ro CXOJUMOCTh (HO BIIMSIET Ha CYMMY).
JlokazaTenbCTBO:
PaccmoTtpum psabr:

D, =u by o, (1)
n=l1
Zun = um+1 +um+2 +... (2)
n=m-+1

O0603HaYUM CyMMYy OTOPOIICHHBIX WICHOB uepe3 A. Torga yacTudHAas
cymma mug psaga (1) mpu n>m pasna S, = A+, ,,, rne O, , - 4acTuu-
Hasi cymma psjaa (2).
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Hpu n—>0w: (n—m)=k > oo, lim§, =A4+1imd,. Tak kak cymecTBy-

n—> k—0

eT limA=A4, 10 S, 1 5, CXOOATCA MU PACXOASATCSA OJHOBPEMEHHO (110

n—»0

TeopeMe O Mpeeie CYMMBbI).

Ecnn unensl CXOAAICIocCsa paaa Zun =S YMHOXHUTb HAa OAHO U TO XKC

n=l1

yucao C, TO €ro cXoAMMOCTh HE HapyIIUTCS, a CyMMa YMHOXUTCS Ha

3TO YHCJIO: ZCun =CS'.

n=l1

HoxkasarensctBo: IImCS =ClhmS, =CS.

n—>a0 n—>0

Ilpumep:

Psin Zaqn_l CXOJUTCS MPH |q| <1.. [Sn
n=1

Il
Q
|
Q
BN
%)
Il
Q
N——

JBa cxomsmuxcs psja Zan =An an =B MOXXHO HOYJIECHHO CKJaJbl-

n=1 n=1

BaTh (BHIUUTATH) TAK, UTO P Z;(an tb,) - cxomutes, U ero cymma
paBHa A* B. _
JlokazaTenbCcTBO:
S =(a, xb)+(a,xb)+...+(a, b)) =
=(a,+a,+..)+(b+b,+...)=A4 =B ;

Iim§ =limA4 *limB =A+B.

n—»0 n—»0 n—>0

Kpurepnii Komm cxogumocT 4ncjioBoro psaa. /{ius Toro 4to0s1 yucio-

BOU psAA OB CXOASIMIMMCS, HEOOXOJAUMO U JOCTATOYHO, YTOOBI s
Ve>0, IN=N(¢), Va>N u k = 1,2,3,... BHIIOJHAIOCH HEPABEHCTBO

S,..—S, <e€.

= ‘unJrl + un+2 +...F un+k
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T | HeoOXxoauMblii NPHU3HAK CXOAUMMOCTH 4YHCJI0BOro psiza. Ecnu psan
D u, cXOOUTCs, TO OOIIMH YIIEH CXOMSNUIErocs psijia CTPEMHUTCS K HYIIIO
n=1
npu n —> o, limu, =0.

n—0
Jloka3aTenbCTBO:
u =8 -8, _, Tak xkak lim§, =limS _, =S, to limu, =0. B nporuBHOM
: n—»o n—»o n—o

cllydyae psij pacXoIuTcs.
DTO yCJlOBUE HE SIBIASETCS JOCTATOYHBIM.

. = 1 I 1 1
[TokaxxeM, 4TO TapMOHHYECKHUH psig D~ =1+ +_ +...+— +... pacxo-

i N 2 3 n

. .1
IUTCSl, HECMOTpPS Ha TO, uTO limu, =lim— =0.

n—»0 n—»o0 n
PaccMoTpum

1 1 1 1 1 1 I 1
S, =S, =—— +ot—>—+—+.. t—=n-—=—.
n+l n+2 2n 2n 2n 2n 2n 2
Takum oOpazom, kputepui Komu He BBIMOJTHSAETCS U TAPMOHUUYECKUN
=1
pan Z— pacxoauTCH.
n=l n
Ilpumep:

0 2
. 4-5n
1. I/ICCHeﬂyI/ITC Ha CXOOHUMOCTB pAn Z—

n=1 (n - 1)(” + 2)

Pﬂﬂ pPacxoguTcCsd, TaK KaK JJis1 HETO HC BBIIIOJIHACTCA HeO6X0,IIHMBII>i
INpHU3HAK CXOOUMOCTH:

2 2
limu, = lim— " _ji;m 275" __ 5.9
n—o0 n—»o0 (n — 1)(n + 2) noop’ +p—2

. = n Y
2. UccnenyiiTe Ha CXOAUMOCTH PAL Z(J )
n4+

n=1

[IpoBepuM BBHINIOJTHEHNE HEOOXOJUMOTO MPU3HAKA CXOIAUMOCTH:

1

limu, =lim;=lim—:—¢0?

n—o0 n—»o (ﬂ + ljn n—)oo( 1 jn e
I+—
n n

psad pacxXoaruTCAd.
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10.2. PAabI ¢ MOJOXKUTEJIBbHBIMHA YJI€eHAMHU

0
PaccMOTpUM UMCHOBOH pAf Y u, =u +u, +...+u, +..., tae u, 20,

n=1

n=12,3,... . s rakoro paga S, =S, +u, =S , 3HAUUT, IOCIECAOBATEIIb-

n+l

HOCTh YaCTHYHBIX CyMM Bo3pacTtaer. M3 TeopeMsl 0 mpejaesie MOHOTOHHOM
MOCJIEJOBATEIbHOCTH BHITEKAET CIENYIOLIEE.

YciioBre cX0AMMOCTH PAAa € MOJOKUTEIbHBIMU YIEHAMM: DS C 10-
JOXUTEIbHBIMU YJIE€HAMH BCErJa MMEET CyMMy; OHa OyaeT KoHe4dyHa (psn
CXOASIIUMCS), €CJIM YaCTUYHBIE CYMMBI psila OTpaHUUYEHBI CBEpXYy, U Oec-
KOHe4YHa (psiJ pacxXoasamuMcs) B IPOTUBHOM CJIyyae.

10.3. Teopembl cpaBHEeHUS PAAOB C MOJOKUTEJIbHBIMHU YJIEeHAMH

HYCTB JdaHbl ABA IMMOJOXKHUTCIIbHBIX psaa:

i”n, u, 20 (1)
n=l1

nu
dv,, v 20. 2)
n=1

T | Ecnu xors Obl HayWHas C HCKOTOPOTO 7 BBIINOJHACTCA HCPABCHCTBO

u, <V , TO U3 CXOAUMOCTH psaja (2) ciemyeT cxoaumocTs psaga (1); u3

pacxonumocTtu pajaa (1) cmegyer pacxogumocTs psaa (2).
JlokazaTenbCTBO:
Tak xkak oTOpachiBaHME KOHEYHOTO YHMCJIa HAYaILHBIX YJICHOB Psjia HE

BJIMSET HAa CXOAMMOCTh, MOKHO CYUTATh, yTo U, <V, Vn=1,2, 3, ...,

JIis 9aCTHYHBIX CYyMM 3THX panoB Beimonnsercs U, <V,.

IycTb psaa Y v, cxoaurtes, Toraa V, < S, otkyaa U, <S W pag Y u, cXo-
n=1

n=l1

JIUATCS.

Iycte Y u, pacxomurcst, toraa U, =S, V, >S u pan YV, pacXoaurcs.

n=1 n=l1

T | Ecau cyuiecTByeT KOHEUHBIM mpejaesl OTHOIIEHUs obmux 4ieHoB (1) u

un

(2) lim

n—>0
v}’l

=k, v,#0, 0<k <oo, 10 06a psama TGO OJHOBPEMEHHO CXO-

JATCA, oo OOJHOBPCMCHHO PaCXOodATCH.
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Ilpumep:

I/IccnenyﬁTe Ha CXOILI/IMOCTB CIIEAYIOIIUE PAABL:

1
DI E T

CpaBHI/IM YJICHBI 3TOIO p;{;[a C WICHaAMHU pacxoadmerocd rapMoHHUYC-

+...

CKOI'o psaga Z— Tak kak

n=l1 n T_

<
2) Pan Z_z CXOJIMTCS MO T€OpeMe CpPaBHEHHUS, TaK KakK MpeJesl OTHO-

n=1

meHus oOIero 4YjieHa JAAHHOTO psAla K 0o0LeMy YIEHY CXOMASIIErocs

I/ICCJ'IG,Z[yeMI)II/I pad pacxoauTcCA.

| +1
(moxazaHO paHee) psaa Z— ecTh lim A )—1, MOCTOSIHHOE
nln(n+1) now (n 4 1)
9HUCIIO.
=1 I 1 1
3 — =+ —=+—=+.. . —+... .
) ;nn 22 33 nn
1 1 1 1 .
CpaBHUM 3TOT Pl C pAAOM Z —+—...+—+..., KOTOpBIH

p 211 2 22 23 211

npeaAcCTaBIdCT CO6OI>1 6eCK0HeLIH0 Y6BIBaIOH_[yIO reOMETPHUUICCKYIO IPO-
1

Irp€CCHUI0 CO 3BHAMCHATCEIIEM ¢ = E < 1, a CJICJ0BaTCIbHO, CXOOHUTCA.

Tak kak — < 2_"’ HCCIeNYEMBIH PSA CXOAUTCH.
n

4) Psin Zln[1+ j Zu

n=1

CpaBHUM 3TOT P/l C PACXOISAIUMCS PAIOM z ZV

n=1 1 n=l1

hm =lim M—

Nn—0 v H—0 y Nn—0
n

=1, ¢ yuetom Toro, uro (In(l+a)~«a), aa—0.

HpI/IBeI[eM MMOJIYYCHHBIC JaHHBIC O CXOJNMMOCTH HCKOTOPLBIX PsAAOB, KO-
TOPBIC MOTYT OBITH MCITOJH30BaHBI AJIs1 CpaBHCHHUA !

Ny

n=1 1

a

NgE

n=l1

n | pacXoaUTCs, €U ‘a‘ >1.

CXOJUTCS, €CIIN o > 1,
pacxoauTtcs, eciin o < 1.

CXOOUTCS, €CIIN ‘a‘ <1,

CXOOUTCA.

- n(n+

a | cxoauTcs mpu |q| <1,

1 — g | pacxoaurcs npu |q| >1.



90 Jexyuu 10 - 11

11.1. ocTaTo4yHbIe NPU3HAKHN CXOJMMOCTH YUCJIOBBIX PAI0B
C MOJIOKUTEJbHBIMH YJIEHAMH

11.1.1. Ilpuznak danamoepa

PaCCMOTpI/IM pAaa Zun C IOJIOKUTCIBbHBIMU YJICHAMHU KW IPCACT OTHO-

n=1

IMCHUA IMOCICAYIOUMICTO YJICHA psAdad K IPCAbBIAYIICMY .

. u
1) Eciu u, >0; u 2) cymectByer lim— =],
n—0 u
n
TOraa
cxoauTes, ecnu [ <1,
o0
Zun pacxoauTcs, eciu [ > 1,
=1
" IpHU3HAK HE JaeT oTBeTa, ecau [ =1.
JlokazaTenbCTBO:

. u u u
Iim-—"* =/=Ve>0 IN:n>2N, - -l<g 1e. l-c< " <[+e¢.
n%wu u u

PaccmoTpum 3 cinyyas:
1) [<1.

Bribepem & cTOIb MaJibIM, YTOOBI [+e< 1, Torja, rmojaras [+é&=gq,

u
0<g<l, umeem 2 <q, u <u,-q 1is n=N,N+LLN+2,...,u,,, <u,-q,
u

n
Uy <Uy g <ty q’, Uy <ty q<iy g HTL
UneHsl psiia uy, +u,,, +iy,,+...(1) MeHBIIE YICHOB reOMETPHYECKOM
MPOTpeccuu: u,q+uyq +u,q +...(2). Tak xak ¢ <1, To pan (2) cxomurcs,
3HAYUT, IO TEOpEeMe CpaBHEeHUs cxoautcs u paf (1).

2) [>1.

u
BosbsmeMm & >0 crons ManeiM, uto /—&>1, Tormampu n> N L >1,
u

n

U, >u, , 4ICHBI psAJla HE CTPEMSATCS K HYJIO, T.€. HE BBIMOJHAETCS HEOOXO-
TUMBIN MPU3HAK CXOJAUMOCTH Psifia, CIEN0BATEIbHO, PSIJ PACXOIUTCH.

3) [=1.
[Tokaxkem, 4TO B 3TOM ciy4dae psAJ MOKET KaK CXOJIUTHCS, TaK U pacxo-
JTATHCH.
1 u n

o0
1). Tapmonuueckuii psij Z— pacxoaMTcs, s Hero lim—4L =lim =1.
n=1 1 now oy o oo 4]
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2

=1 . u : n
2). Paccmotpum psig Y — . Just Hero taxke lim—"' =lim ~=1. Cpas-
pr 7} n—w un n—o (n+1)
HHUM YJIEHBI UCCJIEAYEMOTO pslla CO CXOASIMMUMCS PSIIOM Z(l) (noka3za-
n=1 (N +
HO paHee): ), — , 3HA4UT, ) — CXOJIUTCA.
n=1 Iflz n=0 (}’l + 1)2 ’ (n + 1) n(n + 1) n=1 1’12

Ilpumep:

I/IccneﬂyflTe Ha CXOJMMOCTD PSIBI:
1 1 1 1
z_ u’l == s un+l = = s
' n! nl 1-2-3...n (n+1! 1-2-3...n(n+1)
1

lim =lim =0.
n—»o u, n-wop 41

un+1

Pan cxomurcs.

2n+1
2) —
; n2n

2n+3 n 22 1 2

u,,
Beruuciaum lim —" = lim . = ==—<I,
now oy onoe 2p+ ] \n+l 2% J22
PSA CXOAUTCH.
n!(2n+1)!
3) z ((3 ) )! MOKHO yOeauThes, uto u, —> 0, BHIIOJIHAETCS HEOO-
n=1

XOJUMBIN INpHU3HAK CXOOUMOCTH.

Berancmmy lim (n+D!2n+1)+1)!(3n)! ~ lim (n+D)!(2n+3)!(3n)! _
oo Bn+3)n!(2n+1)! e (3n+3)n!(2n+1)!
(n+D)2n+2)2n+ 3) 122 4
m-— == = _.=.= =—.<1, uccnenyemsiii psig cxo-
o (3n+3)3n+2)3n+ 1) 333 27

JITATCA.

11.1.2. Ipu3nak Komwu
Ecau 1) u, >0 u 2) cymecTByer limduinzl,

TorAa
cxomutes, ecim [ < 1,
o0
Zun pacxoautes, ecnu [ > 1,
) NPU3HAK HE JaeT OTBeTa, eciu [ =1.
Jloka3aTenbCTBO:

= lzm\/7

l‘<gl g<\/_<l+g
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1) [<1. Beibepem & Tak, utobnl [+&=¢q, g <1. Torma {fu, <q, u,<q".

Tak kaK » ¢" cXOmuTCs mpH ¢ <l, TO U D u, - CXOAUTCA.

n=1 n=1

2) [ >1. Buibepem ¢ Ttak, urobel ¢ =/—&>1. Torga Z—£<% =

u,>q" >1: limu, #0 n Zun pacxoautcs npu [ >1.

n—0
n=l1

3) [=1. Ilpusnak oTBeTa HE JAET, PAJ MOKET KaK CXOIUTHCS, TaK U pac-
XOJUTHCS.
PaccMOTpUM Te K€ OPUMEpPhl, YTO W TPH PACCMOTPCHHH IMpPHU3HAKA

Hanamb6epa.

S | Inn
2~ Tlycts djl=Ck,1n(&==—-——"—7:z—+0, €, =—mlL
n=1 1 n n
HO pAad pacxoauTCA.
N i 1 , , 2111”1 r
Z Q-HYCTB n—Z:Cn, lnCn:_ —>0’ Cn_T)la
n=1 n n n—o n

n

HO psAa CXOOAUTCA.

Ilpumep:

© n
. n
Hccnenyiite Ha CXOAUMOCTD PAJ E (2 J .
n+

n=1

) no Y ) n ) 1 1
lim» = lim =lim——=—<1, psia cxoaurcs.
e 2n4l) e 2nal o, 102

n

11.1.3. MaTerpajbHbIi NPU3HAK CXOAUMOCTH
IMycte 1) u, >0 m 2) u, 2u, , TO €CTh YWIEHHI PsAla HE BO3PACTAIOT,

3) f(n)— Takas HenpepbIBHas He Bo3pacTaroimas GQyHKuus, 94to f(n)=u,.

Torpa psn Zun U HECOOCTBEHHBIN HHTE-

n=1

o0
rpai Jf(x)dx a100 OJHOBPEMEHHO CXOISTCH, b
1

1160 OJTHOBPEMEHHO PACXOSITCA.
JlokazaTenbCTBO:
N300pa3umM cUTyaIui0 TeOMETPUIYECKH.
[Inomans KpUBOJMHEWHOW Tpameuuu, OrpaHU- 0
yegHoii mnpsameiMu x=1, x=n+1, y=0 nun

n+l

rpaduxom dyuxuun y = f(x), pasma I , = Jf(x)dx.
1
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[lnomanes cryneH4aTo Gurypsl, ONMCaHHON OKOJO ATOU KPUBOJMUHEMH-
HOU TpalleluH, paBHA YaCTUYHOU CyMMme psga S, =u, +u, +...+u, .

[lnomane cTyneHuyaTol QUryphl, BIUCAHHOW B Ty K€ KPUBOJIUMHEUHYIO
Tpameuuro, paBHa S ., —u, =u, +uy +...+u

[locnenoBaTeIbHOCTh YACTUYHBIX CYMM {Sn} U MOCIEA0BATEIbHOCTD

n+l

{1,} monoronno Bospacrator: S, —S =n >0, 1 —1I = j f(x)dx>0.

n

OueBugHo, S,., —u, <1, ., <S,.
Ilepexons k mpenenam, noayyaem limsS, ,, —u, Sli_r)g]n+1 < ii_r)gSn, UJd, Tak

n—»o0

kak IimS ,=limS u lim/ , =lim/ , To imS, —u, <lim/, <limS, .

n—»0 n—»0 n—»0 n—»0 n—>0 n—»0 n—»0

1). Ecam  wmHTErpam  CXOIMTCH, lim/ =1= J.f(x)dx <o, TO

limS, <7T+u <o, pan cxoautcs. Ecam psa cxomutca, limS =S <o, 1O

n—0 n—»o

lim/ <§ <oo, nHTErpas CXOAUTCH.

n—»0

2). Ecam mHterpan pacxoaurca, I, ———>o, To u §, ——>© (Tak
n—o n n—

kak §,>1,), pan pacxoaurcs. Ecium psp pacxoautcs, S,———>%, TO

(Sn —ul)T)oo, v, Tak Kak [, >S§, —u,, [, ———>00, HHTETpaJ PacXoauT-

Cs.

Ilpumep:

UccnenyiiTe Ha CXOAUMOCTD PSAABL:
1

b Z((n+1)ln (n+1)} S = e ea D

a

T _Id(ln(x+l)):1i 1
l(x+1)1n(x+l) In(x+1) o> In(x+1)|,

8

. 1 1 1
=lim - = ,
ool In2  In(a+1)| In2
I/ICCJ‘IGL[yeMHﬁ pAI cXOaUTCH.

2) 1
nz;n 2,/lnn3 Zn

I/Iccne):[yeM Ha CXOANUMOCTD BCIOMOTATEIbLHBI I pan

,,Z;‘(n 3)\/ln(n 3) Z o

C IOMOIIBbIO UHTCI'PAJIbHOI'O IIPU3HAKA.

o0

dx Tdt w
HecoOcTBeHHBII HHTErPAII =|—==2{In(x-3)| =
P ! (x = 3)/In(x — 3) !% ( )L
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paCXOI[I/ITCH, CJICOO0BAaTCIbHO, paCXO,Z[I/ITCH BCHOMOFaTeHBHBIﬁ pﬂI[
0

DV

n=>5

.u )
Tak kak lim—2 = lim

n—w v n—>0 n J—
n

n—

=1, To Mo BTOpO TeopeMe CpaBHEHUS HUC-

XOJHBINA P TAK)KE PACXOIUTCH.

3)?%; f(x)=%-

n=l1

Tl . “ .

J‘—dx = lim 1n|x|‘ =00, UCCJENYEMBIH pPAJ pacXxoquTCH.
X !

1

a—o

3aMeTI/IM, 4TO AJId OOE€HKH OCTaTKa psaa Rn C IMOJOXKHUTCIbHBIMU YJIC-
HaMu y,HO6HO IMOJIB30BAaThCA HWHTCIpAJIbBHBIM IIPHU3HAKOM CXOJHWUMOCTH.

o0
Ecnu 3ToT mpu3Hak MPUMEHUM K Py Zf(n), TO UMEET MECTO OIlEHKA

n=1

T f(x)dx <R, <Tf(x)dx,

n+l n

Ilpumep:

=1
CKOJBKO YJICHOB pAja 2—2 HYKHO B35ITh, YTOOBI MOJIYUYUTh 3HAUCHUE
n=1
CYMMBI psifia ¢ TouHocThio 10 0,0017
I
3mecy f(x)=—, |—5=——
x X

= l, M0 yCJIOBHIO l > 0,001, n>1000, 3na-
n n

n n

YUT HYKHO B34Tb 1001 wien.

11.2. 3HaKkonepeMeHHbIEe PSAAbI

PaccmotpumM psinbl, conepxamiue OECKOHEYHOE MHOMKECTBO IOJOXKH-
TEJIBHBIX U OECKOHEUHOE MHOXKECTBO OTPHULATEIbHBIX YJICHOB. Takue psijbl
Ha3bIBAIOTCS 3HAKONEPEMEHHBIMHU.

T | Ecau nns 3HakonepeMeHHOro psjia

Doy =y o, (1)

n=1

CXOOUTCA pAnd, COCTaBJICHHBIN U3 a0COJIIOTHBIX BEJIUUYHH €ro YJICHOB,

o0
n=1

TO pax (1) cxonures.

u,| = |u|+[u, |+ ...+ |u,

+..., (2)
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Jloka3zaTenbCTBO:
PaccMoTpuM BCIIOMOTraTeNbHbIN Pl
D, [, ) = (g + | |) + (2t + ] )+ + (g, + |, |)+. 3)

n=1

, n=1,2,....

fu1s Hero cnpaseanuBo Hepasenctso 0 <u, +u,| < 2u,

Psan i (2
n=1

Psin (3) cxoauTcs HA OCHOBAHUM MEPBOTO MPU3HAKA CPABHEHMUS.
Psin (1) ecTh pa3HOCTH IBYX CXOASAIIUXCS PSIOB

u, ) CXOJUTCS U3 yCIOBUS CXOOUMOCTH psija (2);

iun :Zw:(u +\u\)—i\u\ U, CJIeI0BATEIbHO, CXOUTCH.
n=l1 1

n=1 n=

I | OOGpaTHOE yTBEPKIECHUE HEBEPHO.

0 | Cxoasmuiics psil, AT KOTOPOrO PsJi, COCTaBJIEHHBIM M3 aOCONIOTHBIX
BEJIMYMH €ro 4JIE€HOB, TAaKX€ CXOAUTCS, HA3bIBAeTCs a0COJITHO CXO-
AALIUMCH.

3aMeTHUM, YTO JOKAa3aHHBIM NPHU3HAK CXOAMMOCTH JOCTATOYEH, HO He
HEeO00XO0AMM: CYIIECTBYIOT 3HAKONIEPEMEHHBIE PSIABI, A1 KOTOPBIX PSAABI, CO-
CTaBJICHHBIC U3 a0COJNIOTHBIX BEJIMYUH UX YJICHOB, PACXOSITCS.

0 | Cxonsmuiics psj, A KOTOPOro psiJ U3 aOCOMIOTHBIX BEJIWUYHMH €ro ulie-
HOB PacXOJUTCS, HA3bIBAETCS YCJAOBHO CXOASIIMMCH.

Ilpumep:
1. 3HaKoUYepenyOUIUucs psin
-1 n—1
& (1) 11 (-1)
Z— =]l -4+t ... CXOOUTCA YCIOBHO IO
n 2 3 n

n=1

npu3Haky JleiiOHuma (cM. HUXKE), TaK Kak
n-1 n no® g

OTBGTCTBYIOH_[I/Iﬁ pAa us a0COJIOTHBIX BEJIUYHUH YJIEHOB JaHHOT'O psaaa

|
(1) sBasieTcst TapMOHUYECKUM 2— U PACXOJIUTCH.

n=1

= (—1) 1 1
2. Pan Z( 2 =l-—+—+... cxoauTcsa a0COJIOTHO, TaK KaK dTOT
— N 2% 37

3HAKOYEPENYIOMUMNCS PsAJ CXOAUTCS Mo mpu3Haky JleitOHUma (cM. HU-

o0
Ke), U P Z_z CXOINUTCA TOXE.

n=1
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11.3. 3nakovepenyrwomuecs psaabl. [Ipusnak JlenOnuma

0]

Psin Ha3piBaeTCs 3HAKOUEPEAYIOUIMMCS, €CIU €ro YJIeHBI ABJISIOTCS (Io-
0YepEeJIHO) MOJIOKUTEIBHBIMU U OTPUILIATEILHBIMH.
Takoi psii MOXKHO 3allUCATh B BUJIE

0

Z(—l)nilun=u1—u2+u3—...+(—1)Hun+..., (1)

n=1

rae u, >0 nug nroboro #n. Eciu nepBelil WwieH psaaa oTpULATENeH, TO

HCCIIEAYIOT Psijl —i:(—l)"1 u, .

n=l1

IIpu3nak Jleiionunma. Eciiu B 3Hakouepenytomemcs psae (1):
1) aOcoJytoTHbIE BEJIUYUHBI YJIEHOB psjJa MOHOTOHHO YOBIBAIOT
U, >u, > Uy >,

2) limu, =0, To a) psg (1) cxonutcs; 6) ero cymma S >0 MoI0KUTENb-

n—>0

Ha 1 HC IIPCBOCXOAUT IICPBOIO HICHA pAaa, TO €CTh, S < u,.

Jloka3aTenbCTBO:

PaccMoTpuM mociaenoBaTebHOCTh YETHBIX YACTUYHBIX CYMM 3HaKouye-
peayrwouerocs psaa (1):

Sy =uy—uy, Sy =(u —u,)+(u, —u4)...,

Sy, = (ul _”2)+(”3 _”4)+(”2n—1 _uZn)'
Kaxnmas u3 pazHocTeil, cTOAIMUX B CKOOKax, MOJOXKHUTEIbHA MO YCJO-
BUIO TE€OpeMBl, 3HauuT, S, >0 ¥ IOCIENOBATENBHOCTb S, SBISETCS
BO3pAacCTaroUIel.

Ecnu 3anucars 3Ty cymMmMy B BHAE S, =1U, —(u2 —u3)—(u4 —us)—...—u2

n,

TO Ka)KJlas U3 Pa3HOCTEH B CKOOKax IOJOXKHMTENbHA U S, <u, , T.€. IO-

CJIIE0BATENBHOCTD S, OTpPAaHUYEHA CBEPXY.

Wtak, mocienoBaTeabHOCTh S, SBISETCA BO3pACTAIOIEH U OrpaHUYCHA
CBEpXY, CIeA0BaTENbHO, UMeeT npenel limS, =S5 npuuem 0< S <u,.
n—>»00

[TocnenoBaTeNbHOCTh HEYETHBIX YAaCTUYHBIX CymMMm S, . =S5, +u, ..

n+l

Ilepexons k  mpegeny, wumeeMm limS§, ,, =lmS,, + li_rguzﬂ+1 =S,

n—»0 n—0 n

ciegoBarensHo, limS, =S8, pan (1) cxonures.
n—o0

[Ipusnak JleliOHUIIAa WCTONB3YyeTCS ISl MPUOIMKEHHOTO BBIUYHCICHUS

CyYMMBI 3HAKOUYEPEAYIOIIErocs psaa C ONpelelIeHHOW TO4YHOCThlo. CyMmMma
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OTOpPOIIEHHBIX YJIEHOB 3HaKoudepeayrilerocs psaa Jleibuuia no abcomror-
HOW BEJIMYMHE HE MPEBOCXOAUT MEPBbIA OTOPOIIEHHBIN YJIEH.

Ilpumep:

CKOJIBLKO YJICHOB psAda HYXKHO B34Thb,

n+l
4TOOBI CyMMY psjaa ZQ =S HaWTH ¢ TouHocThio 0 0,0017?
n=1 n

Pemrenue:

IIpencraBum cymmy psana B Buge: S=S5, +J, rue S, = Zun, o= Zun
n=1 n=k+1
no npusHaky JleiitOuuma.
1
ITo ycnosumw, u,,, :k—<0,001, oTkyaa k >999, nmyxuo B3saTh 1000

YJICHOB psja.

B PpeE3yJIbTaTe U3YUCHUA MaTCpUajla, U3JIOJKECHHOT'O B 9TUX JICKIIUAX,
CTYACHT JOJKCH 3HATh!:

OIpEEIICHUs Psiia, CYMMBI psifia, YaCTUYHOM CyMMBI PsiAa;

HEOOXOUMBIN U 1OCTATOYHBIN MPU3HAK CXOAUMOCTH psna (kputepuii Komm);
HEOOXOIMMBIN MPU3HAK CXOUMOCTH PAAA;

TEOPEMBI CPABHEHHUS PAJIOB C NIOJIOKUTEIBHBIMU YICHAMU;

JIOCTaTOYHbIE NPHU3HAKU CXOJUMOCTU YHUCIIOBBIX PSAJOB C IOJIOKUTEIbHBIMU
wieHaMu: npusHak Jlamambepa, npusHak Komm, mHTErpajibHbI NPU3HAK CXO-
JUMOCTH;

HCCJIEIOBaHNE 3HAKOTIEPEMEHHBIX PSAJIOB, a0COTIOTHAS CXOAUMOCTb;
3HAKOYepeayIoIInecs psibl, mpu3Hak Jleiionuma.




Jexuun 12 — 14
OYHKIINMOHAJIBHBIE PS /bl

B nexmmsix 12 — 14 paccmarpuBaroTcsi (yHKIIMOHATBHBIE PSIBI U BOXHEWUIIAs UX Pa3HO-
BUJHOCTb — CTENEHHbIE psAAbl. [Ipy IOCTaTOYHO MIMPOKUX NPEANOIOKEHUSIX OTHOCHUTEIBHO
(GYHKIIMM €€ MOXKHO MPEICTaBUTh KaK CyMMY HEKOTOPOTo (PYHKIIMOHAIBHOIO psija, IpUuYeM Ma-
TEMaTUYEeCKHEe ONEpalyu HaJl 3TUM PAJOM (CIOXKEHHEe, YMHOKEHHE, TpeAeIbHbII nepexo, mo-
yieHHoe auddepeHInpoBaHie U UHTETPUPOBAHKE) COBEPIIAIOTCS 1O TEM K€ MPOCTHIM MpaBH-
JaM, YTO U OJIHOMMEHHBIE ONepaluy HaJl KOHEUYHbIMU cyMMamu. [logo6Has npocTora nmpuMeHe-
HUSI U JIETKOCTh TIOJIy4E€HUS! KOHKPETHBIX Pe3yJIbTaTOB OOYCJIOBIMBAET IUPOKOE MPUMEHEHHE
(YHKIMOHAJIBHBIX PSJIOB B MAaTEMAaTUKE U €€ MPUIIOKEHUSIX.

12.1.

OyHKIMOHATBHBIC PsAbl. OCHOBHBIE ONPEIEICHUS

12.2 PaBHOMEpHAasi CXOAUMOCTh

12.3.
13.1.
13.2.
13.3.
13.4.
13.5.
13.6.

14.1.
14.2.

[Tpusnak Beitepmrpacca

Crenennslie psiibl. OCHOBHBIE ONPEEIICHUS

Boruncnenue pagunyca cXoquMOCTH

CBoJicTBa CTETIEHHBIX PSAA0OB

Paznoxenne ¢pyHkumii B creneHnble psabl Teitopa 1 Makinopena
Paznoxenue anemMeHTapHbIX QYHKIMN B psaasl MakiiopeHa
[IpumeHeHne cTENEHHBIX PSAOB

13.6.1. Boruncnenue 3HaueHud QyHKIUN

13.6.2. Beruncnenne HHTETPAIOB, HE OEPYIIMXCS B AJIEMEHTAPHBIX (DYHKITHSIX
13.6.3. Pemenue nuddepeHranbHbIX ypaBHEHUH

Psinibr B KOMITIIEKCHOM 0051acTH. UHCITIOBBIE PSIIBI

CreneHHbI€ psi/ibl B KOMIUIEKCHON 00JIacTH

12.1. ®yukuuoHaabHble psaabl. OCHOBHBIC ONpeae/ICHUA

ITycts ¢pyukuus f, (x),ne N onpenenena B odnactu D,xe D

O | Bripaxenue Buma

if,,(x)=ﬁ(x)+f§(x)+...+ﬁ(x)+... (1)

Ha3bIBACTCS (PYHKIIUOHAIBLHBIM PSI/IOM.

0
. X . . X . X
HaanMep, Zsm—zsmx+sm—+...+sm—+.....

= n 2 n

IIpu x=x,€D u3 pyskunonansHoro psga (1) nmomydaercs yucioBoi

pAn

S f. )= £ (%) + () + . @)
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o | Ecimu nnsa x, € D uucinoBoit psax (2) cXxoauTes, TO TOYKa X, Ha3bIBAETCS

TOYKO# cxoaumMocTH GyHKIMOHaIbHOTO psaaa (1). Eciu B kaxmoit Tou-

0
ke xe D, c D 4ucinoBble psiabl an (x) CXOsITCs, TO GYHKIIMOHAIBHBIH

n=l1

psan(1) HazsiBaercs cxoasimumcs B obsnactu D,.

0 | COBOKYMHOCTh BCEX TOYEK CXOJMMOCTH 00OpasyeT 00JacTh CXOJAUMO-
cTH QyHKIMOHanbpHOTO psina (1).

PaccMOTpUM YacTHYHBIE CyMMbl QyHKIMOHAIbHOTO paja (1):
S, (x)=fi(x)+ £, (x)+...+ £ (x).
Psim (1) cxomurest k dynkumu f(x) B 00IaCTH CXOAMMOCTH, €CIH MPEIE

II0CJIEJOBATEIBHOCTH €r0 YaCTUYHBIX CyMM lim .S, (x) = f(x).
k—o

Ilpumep:

Haiinute 061acTh CXOOMMOCTH psija

i S + ! +. ! +...,X€(—00,00).

S 1+x2 1+xt T X
. ) 1

Ecan |x| <1, To limu, =lim =1#0, psax pacxoauTcs, Tak Kak He
n—»o n—o | 4 xz”

BBITIOJIHAETCS HEOOXOMMMBINH MPU3HAK CXOAUMOCTH psma; eciau x ==l1,
1

1
T <—— - 0ecko-
+ X X

2n

-1 1 1 . )
pan ZE—E+E+... pacxonuTcs; €ciu |x|>1.
n=l1

HCYHO Y6BIB8.IOH_[8.$[ reoMEeTpUUYCCKasd IMporpeccus.

=21
CpaBHEHHE CO CXOISIIUMCS PAIOM 27 npu |x|>1 maet o0macTh

n=1

CXOIMMOCTH Hccnexyemoro psxa x € (—oo,—1)U(1,0).

12.2. PapHOMepHas CXO0AUMOCTbD

ITycts limS, (x)= f(x). Ilo ompexeneHuio mpejena 9TO 03HAYACT, YTO
n—>0

JJIsA J1000r0 x M3 00JlacTH CXO0AMMOCTH, HAIIpUMEDP, X, U X;, BBIIIOJIHAIOTCI

YCIIOBUSL:
) x=x,eD;: Ve>0IN, (), n>N,=IS,(x,)-f(x)<e;

2) x=x,€D,, x,#x,:Ve>0IN,(¢), n>N, = Sn(xl)—f(xl)‘<€.

3ameruMm, uto unucina N, u N,, BooOuie ropops, pa3JIu4HbI.
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0 | OyHKUMOHANBHBIN psf, cXOoadIMiica A Bcex x € D, u3 obyactu cxo-

JIMMOCTH, HAa3bIBAETCS PABHOMEPHO CXOASAINMMCSH B DTOH 00IacTH, ec-
mi Ve>0 cymecTByer He 3aBucsmuii o1 x Homep N(&), Takoi, 4To

npu n> N (&) BBIIONHACTCS HEPABEHCTBO ‘Rn(x)‘<8 IS BCEX X U3 00-

o
mactd cxoxmmoctd, rme R, (x)= z fi(x)-
k=n+1
OCTaTOK psja.
['eomeTpruyeCcKkuii CMBICI pPaBHOMEPHOU
CXOJMMOCTH 3aKJII0YAETCS B CIECAYIOLIEM:
Ecnu oxpyxute rpaduxk OGyHKUMH y= f(x)

” & - MOJIOCKOU”, omnpenesieMoid COOTHOIIECHU-
eM f(x)—e<y<f(x)+e, Vxelab], To rpa-

buku Bcex (QYHKIUM Sk(x), HayuHas C
JOCTaTOYHO OOJBIIOTO k, MEJMKOM JICXKAT B

9T0il 7 & - monocke”, OKpyxKatomen rpaduk npegensHol Gynkuun y = f(x).
n+l
1 1 (-1)
ot —
x+1 x"+2 x"+n
paBHOMEPHO IIPH Beex x(—o0 < x < ).

[Tokaxxem, 4TO psn +... cxoaurcs

[To npusnaky JleliOHUIIA ATOT PSAJ CXOJUTCS M €r0 OCTATOK MOYXHO OIICHHUTH
CIeyIOIIUM 00pa3oMm:

‘Rn (x)‘ <

! < ! , ! <eg, nzl—l.
+n+1 n+1 n+l &

U, (x)

5

R (x) <

( )‘ x2n+2

Bo3semMemM N=—-1, Torna 1 n> N = |Rn(x) <& I Vx u3 00J1acTU CXOAUMO-
&

CTHU, BHAYUT pAd PaAaBHOMEPHO CXOAUTCH.

O | ®OyHKUMOHAIBHBINA P an(x) Ha3bIBAETCS MAXKOPUPYEMBIM B HEKO-

n=1

TOpOU 00JIaCTU U3MEHEHHS X, €CIU CYIIECTBYET TAKOW CXOJSMIIUNCS Yu-

0
CI0BOH pAa Zun C IOJOXHUTCIBbHBIMHU YJICHaAMH, YTO MOJId BCEX X U3

n=l1

3TON 00JIaCTH BBIMOJHSAIOTCS HEpaBEHCTBA ‘fn (x)‘Su n=12,..... Pan

no

0 0
> u, HasbiBaeTCs MamopauToii psina Y f,(x).

n=l1 n=l1
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12.3. IIpusnak Beitepmrpacca
(mpuU3HAK PABHOMEPHOM CXOJAMMOCTH (PYHKIIMOHAJIBLHOTIO PSi/Ia)

OyHKIMOHATIBHBINA PAJ CXOJAUTCS PABHOMEPHO B 00JIaCTU CXOJIMMOCTH,
€CJIM OH SABJISIETCS MasKOPUPYEMBbIM B 3TOH o0JsiacTu.

Hanpumep, s psijioB iansinnx, (1), iancosnx (2) B cuny orpann-
n=1 n=1

a,cos nx‘ < ‘an‘.

YECHHOCTH (PYHKIMH BBIIOJIHACTCS ‘an sin nx‘ < ‘an

b

0
ITo mpusnaky Beliepmrtpacca, ecnu paj Zan CXOAUTCS adCOJITHO, TO pS-

n=l1

nbl (1), (2) cxoasTcsi paBHOMEPHO Ha V MPOMEXYTKE.

TeopeMbl 0 NOYJIEHHOM UHTErPUPOBAHUM U JUPPepeHIUPOBAHUU
(pyHKIMOHAJNBHBIX PAJAOB

T| Mycts psan Y f,(x)=f(x) ¢ nenpepsiBHO MuddepeHnnpyeMbIME Hie-

n=l1

HaMU CXOJUTCS IS xe[a,b] U psj an’(x) CXOJUTCS PaBHOMEPHO Ha

n=l1

[a.b], Torna D f,(x) cxomurcs paBHoMepHo, ero cymma auddepen-

nupyema u [f(x)}’ = i fl(x), T.e. psn ifn(x) MOKHO I pepeH-

IIUPOBATH
MOYJIEHHO.

T | IlycTs pan ifn(x) = f(x) paBHOMepHO cxoauTes Ha [a,b], Torxaa:
n=1

1) OTOT pAd MOJKHO IMOYWICHHO MHTCTPHUPOBATH HA 9TOM OTPC3KE U

w b b
2) pan ZJ‘fn (x)dx = If(x)dx CXOJUTCS PAaBHOMEPHO.

n=l 4

Ilpumep:

Haitnute cymmy psna i:(n2 +9n —1-5)7«'”+1 = f(x).

n=0
Pemenue:
Jlng HaxoXJeHUs CyMMBI psila BOCIOJIb3yeMCsl U3BECTHOU popMyson st
CYMMBI T€EOMETPUUYECKON IPOrpecCcUn

2x”=1+x+x2+...:é, |x|<1. (1)
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Huddepennupys neByo U npaByro 4dacTu ¢opmyisl (1), momyyum mocie-
J0BaTeIbHO,
f:nx"’1 :(—1 ] i:n(n—l)x”’2 :(—1 ] (2)
n=1 l-x ’ n=2 l1-x
3amenum B popmynax (2) HHAEKC CYMMUPOBAHUSA:

( 1 j:i(’”l)xn’ (i] :i(n+2)(n+l)x”.

1—-x n=0 n=0

Brigenum B cymMe, mojjekanied BBIYMCIECHHIO, CllaraeMble, IPOINOPINO-
HaJbHbIEC IIEPBOU U BTOPOU MPOU3BOAHOM:

i(}ﬂ +9n+5)xn+1 :;((n+2)(n+1)+ 6(n+1)-3)x"" =

n=0 =

= x(i(n+2)(n+l)x” +6i(n+1)x” —3ix"] =

n=0 n+0 n=0
"

) o))

Brruucium MIPOU3BOJHLIC!

) () )

2 6 3 }_—3x3+5

(-x) (1=x) 1-x] (1=x)

TOorJa

f(X)=X{

13.1. Crenennbie psaabl. OCHOBHBIE ONpPeAeJIeHUS

0]

OyHKIMOHAJIBHBIN P BUIA

ian(x—xo)n=a0+a1(x—x0)+a2(x—x0)2+... (1)

n=0
HA3bIBACTCA CTCIICHHBIM 110 CTCIICHAM (X—XO).

B wactHoctH, npu x, =0 pan

o
Zanx” =a,+ax+a,x’ +... (2)
n=0

SABJISIETCSl CTEIIEHHBIM MO CTEICHSIM X.

Psan (1) ceogutcs k psaay (2) 3ameHo# (x—xo)—>x, a,, a,, a,...- Ko3Q-

bunuenTsl psana. Psaa (2) cxoautcs mo kpaifHedl Mepe B OJHOM TOYKE:

npu x=0 S =aq,.
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Ob6aacTh cX0AMMOCTH cTenneHHOro psixa. Teopema Adenas

T

o0
1) Ecnu creneHHOUW psij Zanx” CXOJUTCSI B TOYKE X, (XO * 0), TO OH
n=0

a0COJIIOTHO CXOAMUTCS A Vx:‘x‘<‘x0, npuyeM Ha V  OTpe3ke

‘x‘ <R< ‘xo‘ CXOJUMOCTDH OyJIET pPABHOMEPHOM.

-y 2, Xy I

2) Ecnu cTeneHHOM psig pacxomurtes B Touke X, (xy #0), TO OH pacxo-

JATCS U JJIA BCEX X TaKHX, UTO ‘x‘ > ‘x(’)

Jloka3zaTenbCTBO:

o0
1) ITycTe Zanxo” cxonures, Toraa lima, x,” =0= mnocinenoBaTelbHOCTh

n—»o
n=0

a,x,"” orpanudyerHa < dM:|a x,"| <M .
Paccmorpum pan Zanx" , 3aluueM ero B BUJE:
n=0
2
X 2| x
a, +ax,—+a,x,| — | +... u CPaBHUM C pAnoM
X, X,
2
X X . .
M+ M- -|—|+M|—| +..., KOTOpbIA mpeJcTaBiseT coOOW mNpu ‘x‘<‘x0‘
X, X,
0 0

reOMETPUUYECKYIO NIPOTPECCUI0 g = =~ <1, T.e. cxomurcs, cilenoBaTeib-
Xo
0 X "
HO, PsA Zanx” a0COJIOTHO cXOauTCA, T.K. a,x" <M |—
n=0 Xo
IIpu 3TOM Ha V oOTpe3ke ‘x‘£R<‘x0‘ CXOIUMOCTb pPaBHOMEpHas, T.K.

n

= R
CXOJUTCS MaKOPHUPYOIIUIN YUCIOBOU P ZM —
n=0 'x()

2) llycTs psn Zan(x(') )”pacxoz[HTc;I. JlokaxxeM, 4TO OH PACXOAUTCA NPH

n=0

Vot [x] > |
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0
U psij Zanx” CXOJHUTCS, Cle0Ba-
n=0

TeIbHO, MO 1-0¥ yacTtu Teopembl AlOens psg Obl CXOAUICS B TOYKE

!
OT npOTHBHOTO: IYyCTh Elx:‘x‘> X,

!
X, [< ‘x), YTO IPOTUBOPEUUT YCIOBUIO.

!
X, (m.K.

. cxodumces r
Xy Ty X
Pacxooumes PAcCXO0UnNICS

c| 1). O6nacTpi0 CXOAUMOCTH CTEIEHHOTO PAAa SABJIACTCS CUMMETPUUYHBIN

MHTEPBAJ ¢ HeHTpOoM B Touke O.
2). CymecTByeT IpaHulla MEX1y TOYKAMH CXOIAMMOCTU X, U PacXOIH-

MocTu X, : R = Sup {|x0|} = inf {|x6|}

O | Yucio R Takoe, 4TO NpHU ‘x‘<R P CXOAUTCS, a IPHU ‘x‘>R— pacxo-
JUTCS, Ha3bIBA€TCS PaJIHyCOM CXOAMMOCTH CTEIIEHHOrO psaa, a UHTEP-
Bal x €(—R,R) - HHTEPBAJIOM CXOIHMOCTH.

CAOOUMOS

widd , Vi
J

0 . x
PAacxo0umes Pacxooumncs

B rpaHuuyHbIX TOYKax x==1R mnoBeJeHUE pAAa TpPeOyeT JOMOJHUTEIb-
HOTI'O UCCJIEIOBAHUA.

e}
n
I[HH p}II[a Zan (X—XO) HHTepBaJI CXOOANUMOCTHU UMCCT BU:
n=0

xe(xO—R, x0+R)

C HCHTPOM B TOYKC X, :

CXOOUMOS

¢ Xy Ry~ .

T ID
Pacxodumes DACKo0umes

X
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13.2. Boluncienue paauyca cCXOAUMOCTH

CreneHHBIC pAdbI B oOyactu CXOOAUMOCTH CXOOATCA a0COJIOTHO U MOX-
HO HCIIOJIB30BAaTh MMPU3HAKHW CXOJAUMOCTH PAAOB C IMOJOKUTCIBbHBIMHN YJICHA-
MH.

1. [To mpusznaky Jlanambepa:
n+l < 1
| | iy otlP] i (| [ <1 oxomaTes,
el (x) | e g |l noel g | |>1, pacXxoIuUTCSL.
1 1 .| a,
Psan cxoautcs, eciu ‘x‘ <——— R=——7—=lim|—4.
lim |22+, lim |-z n+l
n—>0 an n—>0 an
2. [To npusnaky Komu:
) ) p; , <1, cxooures,
lim ; un(x)‘ =lim{ aon :‘x limy/|a,

n—0 n—>0 n—>0

>1, pacxoauTcH.

1 R |

Psix cxomutes, ecnn |x|<

Ilpumep:

. o0 xrl o0 x
Haiinute 061acTh CXOQUMOCTH pAIOB: 1) Z— u?2) Z—
n!

n=1 n=l

n

n+1:1.

1 . .
1) R= = hm| Dol lim
—>0 a ) n—0 n

n

an+1

a n

lim

n—0

NuTepBan cxoquMocTu x € (— 1, l)..
HccnenyeM rpaHUYHBIE TOUKH.

1) x=1= zl—pacxonlfnca;

n=1

0 _1 n 5
2) x=-1=> Zu- CXOJUTCS YCIOBHO MO Npu3Haky JleitbHua.
n=1 n

OO6nacTh CXOAUMOCTH psAia X € [— 1, 1).

2) R= limM = lim(n + 1) =00, PAJ CXOAUTCS IPU BCEX X € (— oo,oo).

n—o0 n! n—o
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13.3. CBoiicTBa CTENEHHbIX PAAOB

B cuny Teopembl AOens CTENEHHOW pAA CXOAUTCS PABHOMEPHO Ha
(—R,R), €ro MOYKHO NOYJIEHHO Ju(depeHIIupoBaTh U UHTETPUPOBATh B HH-
TepBaJie CXOJAUMOCTH.

T | Psanpl, monydeHHble MOYIeHHBIM TudPepeHIIUPOBAHUEM U UHTETPUPO-
BAHUEM CTENEHHOIO pAa, UMEKT TOT K€ MHTEPBAI CXOAUMOCTHU U UX
CyMMa BHYTPHU HHTEpBajla CXOAUMOCTH PaBHA COOTBETCTBEHHO IPOU3-
BOJHOW U MHTETPANy OT CYMMbI IEPBOHAYAIILHOIO psiaa.

Ilpumep:

1) Zx” =x+x"+Xx +... CXOAUTCS PABHOMEPHO HPH VX, yIOBIETBOPSIO-

n=1
LIUX HEPABEHCTBY |x| <1
o0
n x ~ (v}
Zx = P (1) - cymMma O0eckOoHe4YHO yObIBaloIeil reoMeTpruuecKoi mpo-
n=1 - X

rpeccuu.
DTOT psiJ MOXKHO MOYTIEHHO UHTETPUPOBATh U AU(DPEepeHIIUPOBATE:
!

i:nx”'1 :(L) _ _12 .
n=1

x—1 1-x

© n+l X ¢

) S = o)

f(x)=ay+ax+a,x’+..;  f'(x)=a +2a,x+3a,x" +...,

2
a,x

If(x)dx=c+a0x+ +.o.

13.4. Paznoxkenne yHKIUH B CTeNeHHbIE PSAAbI
Teinmopa u Makiaopena

Dopmyna Teitnopa nust f(x):
/(%) /(%)

1/

S(x)=f(x)+

(x—x,)+
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rie R (x) =

f(”+1) (xo + H(x - xo))
(n + 1).’

(x—x,)"" - ocrarounsiii wien B ¢popme Jla-

rpanxa, rae 0<@<1.

T

OyHKIHA f(x), MMEIoIasi MPOU3BOIHBIE BCEX MOPSAAKOB B MHTEPBAJE

‘x—xo‘ <R , OIHO3HAYHO MIMpcACTaBMMa Ha 3TOM HHTCPBAJIC CBOMM PAAOM

(n)
© X
Teinopa: f E x xo ,The a, :f—('o), TOTJa U TOJBKO TOTA,
n!

koraa limR, (x ) O

n—>0

J10Ka3aTenbCTBO:
ITo ¢popmyie Teitnopa f(x)=P,(x)+R,(x),

) (5 n
P(x)= )+ 00 ey e )y

! !

[E—

Tax kak limR,(x)=0, To = f(x)=1limP,(x).

P,(x) - wactnunas cymma psina Teilopa, ee mpejen paBeH cymMMe psija

f(x), 3HAYUT, Pa3J0KEHUE CIPABEIUBO.

f’(XO)
1

(x—x,)+

Ha3bIBaeTcs psiioM MakJopeHa.

Jnst Toro, 4To0Bl (HYHKIIUIO f(x) MO>XHO OBIJIO Pa3JIOXKUTh B CTEIECH-

HOW psx Y a,x" Ha murtepsane (—R, R) mocraroumo, utoGui f(x)
n=0

uMeaa Ha (—R, R) NPOU3BOJIHBIE BCEX MOPSIAKOB M UYTOOBI CYIIECTBO-
Bajla Takas mocTosiHHass M , 4ToO ‘f(")(x)‘SM npu n=0,1,2,... u opu

BCEX xe(—R,R).
Jloka3zaTenbCTBO:
Tak kak f(x) MMEET MPOU3BOJAHBIE BCEX MOPSAAKOB, NI HEE MOKHO

dbopManbHO OCTpOUTH psaa Maknopena. Jlokaxem, 4TO OH CXOJUTCS K
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f(x). o teopeme 1 mocraTouno nokasatb, 4ro R, (x)—>0 s
n—
e(—R.R).
Octatounbiii unen Gopmynsl Maknoperna B ¢opme Jlarpanka MOXKHO
n+1
ex MRn+1
Rn(x)‘: f ( )xn+l <

(n+1)! (n+1)!

OIEHUTH CIEAYIOUIUM 00pa3oM: npu

e(-R,R); 0<6<Il.

n+l

0
[To nmpusnaky [lamambepa psin Z( CXOJUTCS, 3HAYUT JJIsI HEro
= (7

+1)!
BBITIOJIHSAETCSI HEOOXOAUMBIM MPU3HAK CXOJAUMOCTU U €Tr0 OOIIMN 4YjieH
MRn+1
— 0. 3gauur R ( )—) 0, xe(—R,R),qTo U TpeOOBaIOCH JOKa-
(n+1)/ n—>w n—o
3aTh.

Jlas pasnoxenust (yskumn y=f(x) B psx Teitnmopa (MakiaopeHa)
ClIelyeT:

1) coctaBuTh psig no popmyilie;

2) HaWTH ero 00JaCTh CXOJUMOCTH;

3) JI0Ka3aTh, YTO IS BCEX X M3 00JaCTH CXOJAMMOCTH

imi (=0 (o}

n—0

13.5. PazjioxkeHue 3jieMeHTApPHbIX PYHKUUN B psaabl MakjopeHa

. x n X (n) X n n X

1 f(x)ze , f()(x)z(e) =e'; f()(O)zl ‘f()(x)‘:e <e”

Ha J1000M HHTepBaje xe(—R,R) OCH x, 3HAYUT JJId BCEX
xe(—oo ).
e —1+x+—+ ix_ xeR. (1)
nOn/

2 X X 3 5 2n-1

shx=2"% —x+ x—+—+...+x—+....,xeR; (2)
2 3/ 5! (2n—1)/
3 ex_e—x 2 2n

+...,xeR. (3)
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4.

7.

£ (x)=sinx, £(0)=0,
f’(x):cosxzsin(x+%j, 1(0)=1,
f"(x):—sinx:sin£x+2%j, £7(0)=0,
f(n)(x)zsin(x+n%], f(")(O)zsin%.
sinx=r- T4 o -3 (-1 2:1)/ <l
£(x)=cosx.

Pa3znoxenue GpyHKUHMU COSX MONYy4YUM AU(epeHuupoBaHUEM psi-

ma s sinx (4) :
2 4 6 ) 2n

‘x‘ﬁl.

f(x)zln(1+x), x>-—1.
[poaudpepentmpyem f(x) U pasinoxuM IPOH3BOAHYIO 1O Hop-

MyJie CyMMbl OECKOHEYHO YOBIBAIOIIEH r€OMETPUUECKON mporpec-
!

1 2
cun: |In(l+x)| = =l-x+x"—x+..., —l<x<l.
[ ( ):| 1+x
[IponHTErpHpPYEM 3TO PAaBEHCTBO MOYJIECHHO:

1n(1+x)=I(i(—l)"x”}dx:i(—l)"iﬂl+€,

n=0 =0 n-+

nocrosuuyro C Haiigem, nonaras X =0. Inl= ZO +C=C=0.

n=l1

3
ﬂ‘
S

37ech yYT€HO, YTO PA3JI0KEHHUE OCTACTCS CHPABEIIHUBBIM U
npu x =1, Tak KaK psig cXoAUTCA MO Npu3Haky JlelOHuua.

f(x)=arctgx

(4)

(5)

(6)
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¢ odt
>
o1+t

I[To ¢popmyne cymMmbl OE€CKOHEYHO YOBIBaIOIIEH T€OMETPUUECKOM

IIpencraBum arctgx =

MpOrpeceHu - s=1- 4+ —t°+..., —l<x<L
+1t
X x3 xS
arctgxzj(l—tz+t4—...)dt=x——+——....
0 3 5
3 5 o0 2n-1
X X nl X
arctgx=x——+——...= , —1<x<I. 7
3 5 Z 2n-1 ()

3eCh YYTE€HO, 4TO NpuU X==1 MOOJYyYEHHBIM pAA CXOAUTCSA IO
npusHaky JleliOHuIA.
[Ipu x=1 monyuaem pspa JlelitOHuUIA 11T BEIYUCICHUS YUCTA T :

— =1 _l+l_

4 3 5
f(X) :(1+X) ) m - IIPOU3BOJBbHOC ITOCTOSAHHOC YHUCIIO
S(x)=(1+2)", /(0)=

..............................................................................

S ) =m(m=1)...[m=(n=1)J(1L+2)""

e Lt
(1+x)™ _1+mx+m(m2—1)x2 m(m_i)zgm n(n 1)]x”+ ]
:1+gm(m—l)..n.!(m—n+1) ¥ xe(-L1) (8)

OO0yacTh CXOMUMOCTH ATOTO Psifla HaXOIWUTCS 1O Npu3HaKy Jlamam-
Oepa:

R — i Mt hm‘ m(m—1)...(m— n)x”“n’
n—o| 1y "—>°°‘n+1’m(m 1 [m n— l]x

n

n—m‘

=|x|lim- :‘x‘<1.

now p+1
MoHO J0Ka3aTh, YTO Rn(x)—>0 st xe(—l,l).

n—>0
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Psag (1+x)" =1+im(m—1)...'(m—n+1)xn, x&(-L1) nasm-
n=l1 n.
BaeTCsI OMHOMMHAJbLHBIM pAdOM.

[Ipu pa3auyYHBIX MOCTOSIHHBIX M TMOJYYUM Pa3i0kKeHUs clie-
AyIOIuX QYHKIHR:

1) m=—1:
1 = n
——=l-x+x’ =X +...=) (-1)'x";
x+1 ,,Z_(;( )
L:1+x+x2+x3+...:Z:x”;
l1-x n=0
1 1 1 1-3
2) m=—: Nl+x=1+—x— Xt + X =
) 2 2 2-4 2:4-6
3)m=—l: ! —]l-—x+— x2—1'3'5x3+..
2 1+ x 2 -4 2:4-6

dt

Ji-7

Pa3znoxum moAbIHTErpalibHYI0 (QYHKIIMIO B OWHOMHUHAJIbHBIN

f(x)=arcsinx, xe[-11], arcsinx :J
0

1
pan (npu m = ) U Xx= —tz) Y IPOMHTETPUPYEM NOUJIECHHO:

1‘3 4 1'3‘5 6
r + t +
22.21 2%.3/

0
1-3-5...(2n—-1 3 .
L+ (2n )t2”+.. Jdt I x I3

arcsin x = (1 + %tz +

=X+——+———X +...=

23 212%.5

)

[TonyyeHHBIE PA3JIOKEHUSA MOXKHO MCIOJIb30BaTh KaK WM3BECTHBIC I
Pa3JI0KEHUs CIOXHBIX PYHKIUN f(u(x)) U Pa3J0KEHUU MO CTENEHSAM JIBY-

YICHOB (X — X, ).

Ilpumep:
1). U3 pasnoxenus skcrnoHeHTsl (1), 3aMeHAs X HA —X°, TIOJYYHM, YTO
2 4 o 2n
- xT X X
e =l-—+——...=>(-1)'"—, xe(-o =)
1/ 2/ o n!

2). 3aMeHssT X HAa — X, U3 Pa3JOXKEHUs I JorapuPMuueckor (HyHK-
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092051 ln(l +x) (6) mony4um, 4TO
2 3 ) n
X x x
In(l-x)=—x——-—-— ==y —, —l<x<l.
( ) 2 3 HZ:I: n
3). Pasnoxuts GyHKiuo Inx mo cremensm (x—1).
Tax kak Inx=In(l+(x—1)), uckomoe pasoKeHHe TOTydaeTCs U3 Pas3-
noxenns In(1+x) (6) npu 3amene x na (x—1):

lnxz(x—l)—(x_1)2 +(x;1)3 —...=i(—1)’”ﬂ, ~l<x-1<1,

2 n
x €(0,2]

4). Pa3noxuth B psAa 1O CTENEHAM (x+3) byHKIIHIO ln(2—5x), x<2_
In(2 = 5x) = In(2 = 5(x+ 3)+15) = 1n17[1_%(x+3)} _

= ln17+ln[1—¥} = (u3 mpumepa 2) Mpu x, paBHOM 5();;3),

clenyer) :1n17_il{5(’;;3)}n :ln”_i(ijn (x+3)"’

n=in N n=1 17 n
5(x+3 -1 1 2 2
—1<(—)<1, —7<x+3<—7, —3—<x<—.
17 5 5 5
MoxHo y6eI[I/ITLC$[, 4TO IIpHU XZ—Q pAa ABIACTCSA YCIOBHO CXOHA-

2
muMcd, a mpu ng OH NPUHHUMACT BUJ I'apMOHHUYCCKOTO psAaa U pac-

{ 32 2)
XOOUTCH. I/IHTepBaH CXOAUMOCTH X &| ——, — [

5
V2
5). PaznoxuTh PyHKIIUIO COSXIIO CTEHEHAM | X —— |.

T
BaeneMm HOBYIO NEePpEMCEHHY IO X——=1, TOrAgaa

2
Vs .
COSX = cos(t +5) =-—sinft.

N3 paznoxenus
3 2n—-1

5 ©
—sint =—{t—;—/+;—/—..} = —;(—l)n_lﬁ,—w<t<w.

[Iepexons k cTapoil MEPEMEHHOMN, MOJTYUYHUM:

cosx=— io: (_1)”—1¢_(x_1j+(x§f _(x_gs

(2n-1)!

n=
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13.6. [IpuMeHeHne CTENNEHHBIX PAI0OB
13.6.1. Boiunciienne 3HaYeHu il QyHKUUM

1) Beraucnuts sinl0° ¢ Tounoctsio 0,001.

3 5 °
sinxzx—x—+x——... . Paa cxonutces npu xe R. 10° = 710
3/ 5/ 180° 18

5

18 3!\18 51018
MOXHO OILICHUTh MO mpusHaky JleitOHuma. Haiigem dneH psijga, MEHbIIUH IO

3
moxayJito, yem 0,001. ‘uz‘:(%) -%<0.001 [lo mpusnaky JleitOnuma mo-

5
e T 17 I1(x .
sinl0" =——— + —... Pan 3Hakouepenyomuncs, 0CTaToK psjaa

IPEIIHOCTh OT OTOpachIBaHUS BCEX 4YICHOB, HadyWHas C 71-r0 paBHA
R |< , 3HAYUT ‘Rl‘<‘u2‘<0.001

n

sin10° =X =0.174.
18

un+1

1) Beruncauts ¢ Tounoctso 10 0,01 3Hauenue In8.
In8=1n2’ =3In2. Beruucaum In2. Bocmons3yemcs paaaMu:
2 3 2
1n(1+x):x—x—+x——..., ln(l—x)z—x—x——f—...,
2 3 2 3
1+ oy
1n( x)zln(1+x)—ln(1—x):2 PR ) x| <1
(l—x) 3 5
[Ipy xakOM 3HaAYEHUU X 1—|—_x:2?
- X
1
1+x:2(1—x)—>x:§.
1n2:2(1+i4+ 51 +)
3 3 3.5

1n8=3-2(l+i3-l+...+ 211- ! +j
3 33 37" 2n+1

CKOJbKO 4YJICHOB HYXXHO OCTaBUTb, UYTOOBI BBIYUCIUTH In8 € TOYHOCTHIO
0,01?

2 4
Rn:3-2{ 21 - 1 + 21 T 1 +..}<6- ZIH- ! 1+(1j +(1j +...|=
37 2n+1 37" 2n+3 3 2n+1 3 3

1 1 1 1 1

.. . —) . :
3 2+l 1 T3 2n+l

9

kd
87
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R<2 2. 191 4005<001.
3* 5.8 180

In8~ 6 l L =2+£z2.07.
3 81 27

2) Berancnuts 417 ¢ Togroctsio 0,01.
N7=416+1=2 4/1+— (1+—j _
1 1
Bocnonp3yemcss OMHOMUHAIBHBIM PSAOM, IMojaras x =—, m :Z.
1
3 ~1)-3(1Y
2(1+ij4=2 N )2 (iJ l.i.Z.i(lj =
16 4.16 24 \16 4 4 4 31116
1 3 7 3
=24+———+ —ey (RA<u, |, |U|=—5<0,01 |R,|<|uy].
32 16° 4-16° A<l o 16° o] <l
Y17 =24 —240,031=2,03.
32
3) Beruuciuth unciio e ¢ Tounoctbro 0,001.

OneHnM MOTPeIrHOCTh TPUOITUIKEHHOTO PaBEHCTBA!

2 n

. X X X
e rl+—+—+...+—, 0<x <o
1 2! n!

R (x)_ xn+1 . xn+2 N _x_n X . xZ . Py
" _(n+1)! (n+2)! AT | (n+1)(n+2)

X" x x Y x Y
<= + + +...|=
n!{nwtl (n+1j (n+1j }

no Qgopmyse i CyMMbl O€CKOHEYHO YOBIBAalOIIEd T€OMETPUYECKOH Mpo-
rpeccum nipu 0<x <1

x
n n
_X _n+l X X xX_x
= Pa - =R, (x)< - :
ntoq_ nl n+l—x n! n+l-x
n+1

1
JIns1 BEIUMCIICHHUS YHCJIa e OLICHUM Rn(x) npu x=1: '—<0,001, n=>5.
n'n

1 1 1 1
ex1+1+—+
232 4.3.2 5432

=2+0,5+0,166+0,041+0,008=2,715.
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13.6.2. BoiunciaeHue MHTErpaJjioB, He Oepymiuxcs
B 3JIEMEHTAPHBIX PYHKUHAX

PaCCMOTpI/IM OHpeI[GJIeHH]EJﬁ HHTCETpall ¢ KOHCYHBIMU PCACIaMi BU A

b
Jf(x)dx
a
1 _ —x? _ 2 X -x6 o
). Hus f(x) =e " =1-x"+ EYREY] + ..., IOJy4YUM TaK Ha3bIBa€MbIi UHTE-

rpan Jlanmaca:

X 5 X f4 f6
D(x)=[e"dt=[|1-1 +———+.. |di=
0 ) 21 31

t £ ¢’ '
=|-——+ — +...
1 13 2.5 317 .

OnpenenuM, CKOJIbKO YJIEHOB psijia HY>)KHO y4eCTbh, YTOOBI MOJYUUTh pe-
3ysnbTat ¢ TouHocThio 0,001. x=1.

1
Ie‘tzdtzl— 1 + L1 +
-3 215 3.7

-—+ — +
1.3 215 3.7

0

Psn cxomutes mo npusHaky JlelOHuna npu 3ToM S <u, OTOPOCHM HJIEHBI JIJISl KO-

1
TOPBIX ——=<0,001 »=0,1,2,.... = n=35.
n!(2n+l)
3 5
) X x o
2). s f(x) =SINX=X——+——..., MOXHO BBIYHUCJIUTh TAaK Ha3bIBACMbIHU

3! 5'
UHTErpajIbHbIA CUHYC:

2n+1 o ( 1)” x2n+1

St x fsm = I Z 2n+1 Z 2n+1 j t:;(zl;rl)!(znﬂ)'

0

13.6.3. Pemienue au¢epeHunadbHBIX YPABHEHUH

I[. Metoa nociaenoBarejabHoro nudpdepeHuMpoBaHus

y'=x’y"-1, y(0)=1.

Hiewm peuienue B BUIE: y(x) = y(0)+
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ITo ycnoBuio y(O):l, noctaBnsas x=0 B nuddepeHnuanbHoe ypaBHe-
Hue y' =x’y’ —1, nonyuaem »'(0)=-1.

[TocnenoBatenbHbiM AudPepeHIUPOBAHUEM HCXOIHOTO auddepeHIu-
aJbHOTO YpPaBHEHUS HAXOJIHM:

V' =2xy" +2x° ), :>y"(0) =0,

Y =2y +4xyy’ +2x° (y')2 +2x°p", =y"(0)=2 ur.0.

B ntore y(x)zl—x+%x3 —

II. Metoa HeonpeaedeHHbIX KOIPPUIHMEHTOB
y'=2xy'+4y, y=0, y'=1npu x=0. %)
Nmem pemieHue B BUjE:
y=a,+ax+ax +... a,=? a,=0,a,=1 u3 »)
y=x+ax’ +ax’ +...
V' =1+2a,x+3a,x +...
y'=2a,+3 2ax+....
[ToncranoBka B ypaBHEHHUE JAET:

2a, + 6a,x +12a,x* +...=2x + 4a,x* + 6a,x’ +...

ot dx+dax’ +4ax + .
[IpupaBHUBaeM KO3(Q(UIUEHTH MTPU OJUHAKOBBIX CTEIEHAX X:

x’:2a,=0—>a,=0;
x':16a,=2+4—>a,=1;
x*:12a, =4a, +4a, > a, =0,

......

......

1
, a,=0,.... :>y=x+x3+5x5+....
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14.1 Psaabl B KOMILIEKCHOM 00J1acTH. Unc/ioBbIE PAABI

Ilycte z, =a, +ib,, n€ N - mocne10BaTENbHOCTh KOMIIJIEKCHBIX YHCEL.

O | Breipaxxenue Zzn =z,+2z,+...42,+... (1) Ha3bIBaeTCsI YMCTOBBLIM Psi-

n=l1

JIOM B KOMILJIEKCHOM MJIOCKOCTH.

T | Pax (1) cxoaures, eciu CyleCTBYeT KOHEUHBIM Mpeaen

§=1imS, =1imi2k =lim| (a, +ib)+(a, +ib,)+...+(a, +ib,) |=
n—>0 n—>0 =l n—0
=lim iak +iibk =A+iB,

rac Awun B - npeaciibl COOTBCTCTBYIOIMUX YACTHYHBIX CYMM pPAOJOB, CO-
CTaBJICHHBIX M3 I[GI\/'ICTBI/ITCJ'IBHBIX 1 MHUMBIX YacTel dyucen z,.

HeoOXxoAuMBIM U JOCTATOYHBIM yClIOBHEM cxoaumocTu psaa (1) sBig-

CTCA OI[HOBpeMeHHa}I CXOOAUMOCTb YHUCIOBBIX pﬂI[OB Zan 51 an C
n=l1 n=l1

I[CﬁCTBHTCJILHLIMH YJICHaAMMU.

T , COCTaBJICHHBIN U3 MOJYJEH
n=l1
yneHoB paaa (1), To psax (1) Tak ke cXoauTCs.
HanmoMuumMm, 4To
e’ =cosp+ising, e’”" = \/0052 p+sin’p=1.
‘z‘ :‘x+iy‘ =X +y2 .
Ilpumep:

Uccnenyiite Ha CXOAUMOCTb PSJBL:

0

wn © ©
1) Ze Z COS/Z'I’[+ZSIH7Z'71 Z

n=1 n n=1 n=1

CXOOUTCA YCIOBHO.

2). >

n=1

2 CXOOUTCA a6COJ'IIOTHO, MMOCKOJIbKY
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1
a) |z,| =|—|, pan Z_z CXOOUTCSA a0COJIIOTHO;
n N
¥ T . T T . T
w el; » COS— » SIn— w COS— » SIn—
_ n o, - n n n
Y =iy pa Y n Y cxomrre
n=l n n=l1 n n=1 n n=1 N n=1 N
a0COJIOTHO MO TEOpEMeE CPaBHEHHUS CO CXOMSIUMUCS PSATOM Z_z’
n=1
.
COS— 1 sin — 1
n n
TaK Kak 1S 1S —-
n n n n
3. % _n¥2
pa (1+l)n+3
n -\" 2 %
i [ 0 2i J ey (e
n| = . - ] al n/
(1+l)n+3 ‘((1+l)n+3) ‘ ((n+3)2 _I_nz)é

_ n*+4 %
2nt+6n+9)

CpaBHUM MOJYyYEHHBIN PSAJ CO CXOASIUMCS PSIIOM

w -
Z(%) "2 (flz)" ’

KOTOPBIH MpeacTaBiaseT co00oil OeCKOHEUYHO YOBIBAIOINYIO TeoMeTpHuYe-

CKYIO IPOTPECCHUIO:
n*+4 %
2n* +6n+9

lim =1,

i
2

uccieayeMblid P CXOAUTCS a0COMIOTHO.

3 3
2\ n 2n+5 = n
4). E —+i——— | pacXoaMTCs, T.K. PO E — CXOOUTCH IO OpU-
) = (2” 3n® —2nj P P 2" P

n=l1

. u
3Haky JlamamOepa | lim
n—w n—w 2”"’1”3 2
n

3An
n+l =hm(n+1) 2 :1<1J,

= 2

n+5

a pﬂﬂ Zm paCXOI[I/ITCH 10 HpI/I3HaKy CpaBHI/IBaHI/Iﬂ C FapMOHI/I-
n=1 -

YEeCKHUM PSAIOM zl (hm%:%)
n—»0 n- — n

n=1
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5). i 2+’ " pacxomMrcs, Tak KaK
_|(2 "|_‘(\/§)n'n_ ﬁn-n—mo-
R ‘_‘ 2’ ‘_ 2
6). Z 1+l " cxoautcs abCONIIOTHO, TaK Kak |z| %\/\/E;Z"ALEJ

n
Psan Z—n cxoautcs mo npu3Haky JlamamoOepa:

n=1
lim n + 1)\/_ <1
n—»0 \/_’1+1 ,\/5 ’

o0 OO

n+i

7). z _l)\/_ 2 lm CXOIUTCA a0COIOTHO,
_ n’ L L | 241 :[ 1 ]%
(n2 +1)2 n (n2 +1)2n (n2 +1)2n (nz +1)” .

CpaBHHUBAs 3TOT PSIJ CO CXOMSAMMUMCS PSIIOM

TaK KakK |(Z

n

1 % n’ %
— | , lim =1,
[nJ Hw(in2+1EJ

yOexaaemMcs, 4TO UCCleqyeMbIi Pl CXOAUTCS aOCOMIOTHO.

14.2. CteneHHbIe PAAbI B KOMILIEKCHOM 00J1acTH

O | CTeneHHBIM PAAOM B KOMIUICKCHOM 00JIacTH Ha3bIBA€TCS PsJI BUIA

0

Zan(z—zo)n=a0+a1(z—zo)+a2(z—zo)2+..., (1)

n=0
rac Cll. (l S N) u Z0 - (bl/IKCI/IpOBaHHBIC KOMIIJICKCHBIC 4YHCJIA, Z = X+ ly -
HE3aBUCHUMaAA KOMIIJICKCHaAs HepeMeHHaH.

Ipu z, =0 psi OpUHEMAET BUA Y a,z" =a,+a,z+a,z’ +... (2)
n=0
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ITycts z, - HEKOTOpOE€ KOMIUIEKCHOE 4mcio. Pax (1)
CXOJUTCSI B TOYKE Zz,, €CIM IPU MOACTAHOBKE B HETrO
BMECTO z 4YMCIA Zz;, MOJy4aeTCsl CXONAIIUICS psf ¢

KOMILUIEKCHBIMU WieHaMu. B pOoTUBHOM ciiydae psij
(1) pacxongurcs.

-
3]
=

o

H\r

Teopema Abeas. Eciu crenennoit psan (1) cxonurcs B Touke z,, TO OH

CXOIUTCS, U MPUTOM aOCONIOTHO, B JIOOOW TOYKE z, KOTOpas JICKUT
BHYTPU OKPYJKHOCTH C LEHTPOM z,, NPOXOJAIlEH depe3 z;, T.e. M

BCCX Z TaKHX, YTO ‘Z - ZO‘ < ‘Zl - ZO‘ .

MHOXECTBO TOUEK Z, B KOTOPBIX pAd CXOOAUTCA, HA3BIBACTCA 00J1aCTBHI0

CXOAUMOCTH pAda.

Jnd creneHHbIX paaoB (1) BO3MOXKHBI Claydau:
1) psix cxoautes Tonbko npu z =z, (R=0);

2) psaa cxoautes npu Beex z (R =0);

3) cymecTtByeT Takoe uuciio R > 0, 4TO pAa CXOAUTCS MPHU J0OOM 3HAUECHUU
Z, IS KOTOPOTO ‘Z—ZO‘<R U pACcXOJIMUTCS MpPU JIOOOM z, I KOTOPOTO

‘z —ZO‘ > R. Yucno R Ha3piBaeTCsd paauyCcoOM CXOAUMOCTH CTEIIEHHOTO psi-

na (1), a kpyr ‘z—zo‘ < R Ha3pIBaeTCs KPyroM CXOAMMOCTH psija.

Ha rpanumne o6isacTu CXOJUMOCTH ‘Z—ZO‘ZR pAan

MOET KaK CXOJUThCS, TAK U PACXOAUTHCH.
Hnsa psga (2) 0061acThi0 CXOAUMOCTH psifia SBISETCS
KpYyT |z|<R pammyca R ¢ HEHTPOM B Hadaje KOOPJIH-

HaT.

Pagunyc cxoguMocTu:

no nmpusHaky Jlamambepa:

1 . |a
= lim|—|,
_)
lim 4an+1 A

n—»0
a}’l

no npusHaky Kommu:

1
limy/la,
n—>0
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Ilpumep:

HaiinuTre o6macTu CXOQUMOCTH PSIIOB

1) i(z—zo)"=1+(z—zo)+(z—zo)2+... R=1 Pax cxomurcs BHYTpH
n=0

Kpyra |z—zo| <1 u pacxomuTcsa BHE 3TOro Kpyra. B Toukax OKpy»>KHOCTH

|z—zo| =1 psnx pacxoauTcs, T.K. €ro OOmMMN YJIEeH HE CTPEMUTCS K HY-

T10.
2 " 27 . |n+1

2) ZZ_:Z_,_Z__,_Z__FW R =lim =1. Pax cxoautcs BHYTpHU Kpy-
o n 2 3 n—o pn

ra z| <1 u pacxoguTcsa BHe 3TOro kpyra. Ha rpaHuyHoOil OKpY X HOCTH

|z|=1 B HEKOTOPBIX TOYKaX (z=—1) CXOAUTCSH, a B HEKOTOPHIX (z=1)

pacxoaurcs.

© 2 3
z z° z ; n!

3) —=z4+—+—+... R=lim———=o Psanx cxogurcs, nputom aod-
= n! 21 3! n—>°°(n—1)!

COJIIOTHO, MPH THOOOM Z.

- ) n! ) 1

D onlz" =1z+2122+312° +.. R=lim =lim—— =0

HW(n+l)! oo+

n=1

Psan cxonurcs Tonbko B Touke z, =0.

B peE3yJibTaTe U3YUCHUA MaTCpUuajia, U3JIOJKCHHOT'O B 9TUX JICKIIUAX,
CTYACHT JOJI’KCH 3HATh:

omnpezeneHue GyHKIMOHAIBHOTO Psa, TOYKH CXOTUMOCTH psijia,

00JacTH CXOUMOCTH PSINIa;

MOHATHE PAaBHOMEPHOW CXOAUMOCTH, MpU3HaK Beiepirpacca;

CTETIEHHBIE PAJBI, UX 00JIACTh CXOAUMOCTH, BBIYUCIICHUE PAIIyca CXOAUMOCTH;
pasnokeHue GyHKIUN B CTETICHHBIE psiibl Teinopa u MakiopeHa;

psnbl Teitnopa 1 MakiopeHa OCHOBHBIX 3JIEMEHTapHBIX (YHKIUH;
MIPUMEHEHNE CTETNIEHHBIX PSAAOB (BBIUMCICHHE 3HAUYEHUN (YHKIIMM, BEIYMCICHHUE
MHTETPajoB, He OepyIIuXcs B 3JIEMEHTApHBIX (YHKUUAX, pemeHne auddepen-
[UATBHBIX YPaBHEHUH ).




Jleknuu 15 - 16
PSAJIbI ®YPBE

[Tpu onmMcaHuyM NMEPHOANYECKH MOBTOPSIOUINXCS SBJICHUN 00Jiee eCTECTBEHHBIMU SIBIISIOT-
Csl Pa3NIOKEHUs U3y4aeMbIX (YHKUUH HE B CTENIEHHbIE PAIbI, a B pAAbl O QYHKIMIM, TaKXkKe 00-
Ja/alolM CBOMCTBOM NepuoanyHocTU. B nekumsax 15 — 16 paccMOTpeHbl TpUTOHOMETpUYE-
ckue psaabl Dypbe, MIMPOKO UCTIONB3YIOLIMECS IPU UCCIEI0BAaHUN EPUOTUUECKUX (DYHKIHH.

15.1.'apmonnueckuii ananus. Psapr @ypobe
15.2. OpToronanbHble CUCTEMbI (PyHKIUN
15.3. TpuroHoMeTpUYECKUE PSiJIbI
15.4. Koadpduruentsr Oypwe u psg Oypbe
JUTSL IEPUOIUYIECKON (QYHKIIUU C TIEPUOIOM 2T
15.5. Paznosxxenue GyHKIMI B TPUTOHOMETPHUYECKHE PSIBI
16.1. PaznosxeHue B psit Y€THBIX U HEUYETHBIX (DYHKIHH C IEPHOIOM 2T
16.2. Psan ®dypbe 11t yHKIMU € TIPOU3BOIBHBIM TIEpUoaoM 7T=2L
16.3. Paznosxenue B psin @ypbe HEMEPHOAMIECKUX (HYHKIIUN
16.4. KommuiekcHas ¢popma psaga Oypoe
16.5. Unarerpan ®ypne

15.1. "'apmonuuyeckuii anaaus. Paabt @ypbe

o] TapMonmYecKuM KoeGanMem HA3HIBACTCH NEPHOAMUCCKOC M3MCHE-
HUE BO BPEMEHH (M3MUIECKON BENUUMHEI, IPOUCXOISIIEEe MO 3aKOHY KO-
CHHYCa WM CHHYCA.

o OCHOBHOI FADMOHHUKO# Ha3BIBAETCA MPOCTEHIIAs MEPHOAMIEcKas (yHKITIS
uga y = f(x)=asin(ox+¢,)=acos(wox—¢,), me a —

aMILINTYJQ, @ - KPYTroBasi 4acToTa, ¢, - HayajabHas ¢a3a kojaedaHus.

Ecnu HezaBucuMas mepeMeHHas - BpeMs f, TO BeJauuuHa y=f(f) coBep-

27 o
macT FapMOHI/I‘IeCKOG Koneﬁanne C HepI/IOI[OM T=— "W 4YacTrorou

(0]
1 0]
V=—"=—"01.
T 2rx
DOyHKIIUU az(sin2a)x+(p0), a, sin(3a)x+¢)0), ... Ha3bIBAIOTCS BTOPOMH,

TpeTBGﬁ, ... BBICIHUMHA TAPMOHHUKAMHU OTHOCUTECIIBHO OCHOBHOM.
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OcHOBHAs TapMOHHMKA MOXET OBbITh MPEJCTABIIEHA B BUAE CYMMBbI JIBYX
TPUTOHOMETPUYECKUX QYHKIUI OJTHOTO U TOTO K€ apryMeHTa:

asin(wx + @, ) = asin wxcos g, + a cos wxsin g, = Asin wx + Bcos wx .

OYyHKIUH SINX U COSX SABISIOTCS MEPUOIHMISCKUMHU ¢ Tiepuoaom 1 =27 .
OyHKIHK Sin2x ¥ cos2x, sin3x U cos3x,... Tak )K€ UMCIOT IepUoJ 27 -
JIroOas nuHEeHAsT KOMOMHALIUS BUIA

a, +a,cosx+bsinx+a,cos2x+b,sin2x +... (1)

TaK e SABJAETCS NepUoJUIecKoi ¢ nepuoaom 7 =2r.

FapMOHMYECKMH aHATIM3 HCIONB3yeTCsA A M3ydeHHs MepUOAMYECKHX
npoueccos. Jlro6as BeauunHa f(f), cBi3aHHAs C MEPHOAUYCCKUM IIPOLEC-

COM, [0 UCTEYEHHUHU nepuoaa 7 BO3BpAIIAETCS K CBOEMY MEpPBOHAaYaIbHOMY
3HAYEHUIO, T.€. ABJACTCS MepuoaudecKkor pynkuueit ¢ mepuoaom 7 .

CyniHOCTh TAPMOHHMYECKOTr0 aHAJM3a 3aKJII0YaeTcs B IMPEJCTABICHUU
GYHKUIMN, OMUCHIBAIOIIUX MEPUOJUIYECKUE MPOIECCHI, B BUJIE KOHEUHOU UIIH
0OE€CKOHEYHOU CyMMBbl TApMOHUUYECKUX KoJieOanui Buaa (1); rapMoHUYECKUt
aHAJIN3 COCTOUT B PA3JI0KEHUU NMEPUOAUUYECKUX (YHKIUN B CXOISIIIUNCS DAL
dypsre.

15.2. OproroHajibHble CUCTEeMbl PYHKIUH

[IpenBapuTenbHO AOKAXXEM CJIEAYIOIINE YTBEPXKICHHS, KOTOPbIE CIEay-
€T 3HATh JUIS JajJbHEeNIIero u3aoxKeHHusl.

1). Wuterpan ot He4eTHON QYHKIIUU B CUMMET-
PUYHBIX mpenenax paBeH Hynwo. Ecnu f(x)=-f(-x), To

a 0 a
If(x): If(x) dx+If(x)dx:
-a —a 0

3aMeHa x Ha (-Xx) B IepBOM HMHTETpaJiec 1aeT

:]Zf(—x)dx+]:f(x)dx:—:[f(x)dx+;|jf(x)dx:0.
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2). f(x)=f(-x) — quHaH GyHKIHUS.
jf dx:jf dx+jf
3aMmeHsd x Ha (-x) B IEpBOM MHTErpalie, mojay4um

:—If(—x)dx+If(xﬂxzzf(x)dx+_zf(x)dx: 2:[f(x)dx

I | Ecniu ¢ynkuus f(x) umeer nepuon 2z, TO UHTErpan OT HEE MO JIIoOoMy
OTpe3Ky JJIUHBI 27T UMEET OJHO U TO e 3HaAYCHUE, T.C.

a+2rx
j S (x)dx = j f(x (*)
a+2rw 2r+a
HNmeem I f(x)dx= Jf x)dx+jf X )dx + I f(x)dx (**)
2
3aMeHMM B IIOCIE€IHEM MHTErpaje IMpaBoi dvacTu x=27+¢, Toraa

2r+a a a

J f(x)dx = If(27z + t)dt = Jf(t)dt B CHUTY TIEPUOJIUIHOCTH f(X).

2z 0 0
OTcrona ciaeayeT, 4To CyMMa MEepBOTO M TPEThET0 MHTErPajoB B MPaBoil
gacTu (**) paBHa HYyIIO.
Ilycts dynkuun f(x) u f,(x) 3amass Ha otpeske x€[a,b,|, a npous-

BEeJICHUE dTUX PYHKIIUH fl(x) fz(x) UHTETPUPYEMO Ha 3TOM OTPE3KE.

O | OyHKIUU fl(x) U fz(x) Ha3bIBAIOTCSd OPTOrOHAJBLHBIMH Ha OTpE3Ke

[a,b], eClIn iﬁ(x)fz (x)dx:

PaccMoTpuM cHCTEMY NEpHUOIMYECKUX TPUTOHOMETPUUECCKUX (DYHKIIHH
c mnepuoaom 27 {cosO:l, cosx, sinx, cos2x, sin2x,... cOSnx, Sinnux,... }
[ToxaxxeM, 9T0O 3TH (YHKIIUH OPTOTOHAIBHBI Ha OTPE3KE [—7[, 72'], a 3HAYHT, B
cuny yrepxkaenns (*) u Ha m06oM otpeske [a,a+27].

I[J'ISI A0Ka3aTCJIbCTBA HYKHO BBIYUCIHUTD U Y6GI[I/ITBC$I, 4TO MHTCTPAJIbI

T

v
jsinnxdxzo, Jcosnxdx:O, jcos mxsin nxdx =0,

-7 - -
T Vi
jcosmx cosnx dx=0 nipu m#n, Isinmxsinnxdx:o npu m#n.
/4 -

JIeiCTBUTEIBHO,
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T T
1) I sinnx dx =— 2 _ g CUJIy HEYETHOCTH NOJBIHTErpaIbHOM
i no|,
bynkunm;
v . v
2) I cosmx dx = 22X l(sin7m — sin(—ﬂn)) =0, tak kak sinzn=0.
i n |, n

T

1 v
3) j sin nx cos nx dx = ) I sin2nx dx =0 B CHJIy HEUYETHOCTHU MOJBIHTETPab-

-7 -7
HOUM (YyHKIIHH.
C ucnosb30BaHuEM POPMYII:

coSnxCosmx = %[COS(”I + m)x + COS(I’l - m)x];

sin nxsin mx = %[cos(n —m)x—cos(n+m)x]|;

sin 71x cos mx :%[sin(n—m)x+sin(n+m)x}

Brruucinum CICAYIOIKUEC NHTCTpaJIbl:

4) Isinnxsinmxdx:%]‘(cos(n—m)x—cos(n+m)x)dx=
:l sm(n—m)x_sm(n+m)x =0, Tak KaK sin(nim);zzo.
2 n—m n+m

7T

5) Icosnx cosmxdx=%J‘(cos(n—m)x+cos(n+m)x)dx:
1 sin(n—m)x N ’
2 n—m n+m

sin(n +m)x

=0.

-
T

7
6) I sin nx cos mx dx :%J (sin(n - m)x+ sin(n + m)x)dx =0
- -
B CHJIY HEUETHOCTHU MOJBIHTETPATbHON QYHKIIUN CUCTEMBI.
Htak, opTOroHaIbHOCTh TPUTOHOMETPHIECKUX (PYHKIIUHA JOKa3aHa.

Brruuciaum 3HaueHUs HHTCI'PAJIOB IIpHU m=n:

Va T

. 17 1 sin2nx 1 o

7) J;sm nxdx—EJ;(I—COSan)dx—E(x—Tj_”—5(7z+7z)—7r,

8) ]Zcoszmcabc:l]z(1+cos2nx)a’x:l(x+sinﬂjiZ =l(7r+7r):7z.
el 27 2 2n )| 2



126 Jexyuu 15 - 16

15.3. TpuronoMmerpuuecKkue psijabl

O | PyHKIMOHAJIBHBIN PAA BUJAA:

a . : A, < .
—+a,cosx+b sinx+a,cos2x+b,sin2x+...= =L+ > (a, cosnx + b, sin nx)
2 n=l1

Ha3bIBACTCS TPUTOHOMETPHYECKHM PHAAOM, a IOCTOSHHBIE 4YHCIA
a,, b, (n =1, 2, 3) Ha3bIBAIOTCS KO (PULIHMEHTAMHU PAA.

15.4. Kooppunuentsl ®ypbe u psag Pypnbe
JJIAl IEPUOANYECKON QYHKIMH C IEPUOIAOM 27

T | Ecnu f(x) HenmpepriBHas nmepuoanveckas GyHKIHSA C MEPUOAOM 27T, UH-
Terpupyemasi Ha uHTepBane (-w, m), Takas, 4To JAJs BCEX X CIPaBEAIUBO
pa3noxkeHue

f(x):%+i(an cosnx + b, sinnx), (1)
n=1

U psAJ CXOAUTCS K f(x) paBHOMEpPHO, TO 1Jis KOdpPuUIIMEeHTOB psAga cupa-
BeUTBBI hopMyliel Dyphe:

T

aozé If(x)dx, an:% jf(x)cosnxdx, bn:% If(x)sinnxdx

-

I[OKaBaTGJII)CTBOC

Tak kak psaxa (1) cxoautcs K f(x) paBHOMEPHO, TO €ro MOXHO UHTETPH-
pOBAaTh MOYJICHHO:

if(x)dx = ]:%dx + g(ian cos nx dx + jf b, sin nx dxj (2)

-
VA

B n. 15.2. noka3ano, 4To Ian cosnx dx =0, Ibn sinnx dx=0.

-

3uauut, u3 (2) If(x)dx =7dy, oTkyna a, _1 I S (x )dx. (3)
r T
YMHO)uM psj (1) modwIeHHO Ha COSAX W IPOUHTETPUPYEM:

I f(x)coskxdx :% I cos kx dx +i(an j cosnxcoskxdx+b, J sinnxcoskxdx].
- - n=l1

7T 7T
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Tak kak BCe MHTETPaJbBl KPOME TOTO, JJsI KOTOPOTO 7 =k, paBHBI HYJIO,
(cMm. m. 15.2.), nony4daem:

Va Va
1
2
anJ cos’nxdx=a, 7w, OTKyaa a, =—j f(x)cosnx dx. (4)
- 72-—77
Ymuoxenue (1) Ha sinkx ¥ WHTErpUpOBaHUE B Mpejesax OT — T J0 7
JaeT

17 )
b, —;_J; f(x)sinnx dx. (5)

3aMeTuM, YTO PSJbl, TOJYUYCHHBIE YMHOXEHUEM PAaBHOMEPHO CXOJsIIIe-
rocsi ucxonguoro psana (1) Ha orpanumdyeHHble QYHKIHMU Sinkx U coskx,
CXOJISITCS pABHOMEPHO U MX TaKXK€ MOXXHO MOYJIEHHO HHTETPUPOBATH.

Ecnu ¢ynkumsa f(x) onpeneneHa Ha OTpe3Ke [—7[, 7z], TO yucina a,,b ,

omnpeneneHusie Gopmynamu (3), (4) u (5), HazpIBaOTCA KOI(PpunmeH-
Ttamu Oypbe QyHkium f(x), a tpuronomerpudeckuit psa (1), koapdu-
[MUEHTAMHU KOTOPOTO CIYXaT 3TH 4ucia, — psaaom ®ypbe byHkiuu f(x).

Ecnu ¢yuknus f(x) pasnaraercs B paBHOMEPHO CXOJSIIUNACS TPUTOHO-
METPUYECKHH PAL, TO ITOT pAX ABIsEeTCA €€ paaoM Dypebe.

15.5. Pa3noxkenne pyHKIUM B TPUTOHOMETPHUYECKUE PAIABI

Bonpoc 0 BO3MOXHOCTHU pa3iiokeHUsd QYHKIUH f(X) B TPUTOHOMETpHUYE-

CKUM psil CBOAUTCS K OTBETY Ha BOINPOC O TOM, KAKMMHU CBONCTBAMM JOJKHA
obnanate QyHKIUA f(x), 4TOOBI MOCTPOCHHBbIN 171 Hee psif Dypbe CXOAUICS U
ero cymMma cosnaia c f(x).

B oTnuune oT cTeneHHBIX PSAJIOB, B KOTOPBIE pa3jaralTcs TOJIbKO (PYHKIIUH,
UMEIOUIME MPOU3BOJHBIE BCEX MOPSIJIKOB, B TPUTOHOMETPUYECKHUE PSAJbI pa3-
JararTCs MOYTH JH00bIe QYHKIIHH.

0]

OyHKIHSA f(x) Ha3bIBACTCS KYCOYHO- ¥

MOHOTOHHOW Ha oTpe3ke [a,b], eciu >TOT OT- Jix)
PE30K C MOMOIIBID KOHEYHOI'0 4HCiIa TOYEK X, j

X2, «.., Xp-1 MOXKHO pa3OUTh HAa OTPE3KHU, BHYTPHU //\
KaXJ0ro U3 KOTOpbIX (PpyHKUIUA f(x) HEmpepbIB- - c:x C 5 -

Ha 1 MOHOTOHHA.

Kycouno-mMoHoToHHass ¢pyHKUHsS f(x) MOXKET UMETh Ha [a,hb] TOJIBKO KO-

HEYHOE YHUCJO TOYEK pa3pbiBa | poxa.
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Ecau B TOYKE X=c HMMEET MECTO pa3pbiB, TO B CHIY MOHOTOHHOCTH
dyHKIHH f{x) cieBa OT TOYKH ¢ cymecTByeT mpexen lim f(x)=f(c-0), aB
x—c—0

CHJIy MOHOTOHHOCTH CIIpaBa CYIIECTBYET limof(x) = f(c + 0).
X—>c+

JocTaTo4yHblie YCJAOBUSA Pa3jaoKuMOCTH PyHKUUHU B psaa Pypbe naer
cieayolias Teopema, KOTOpyI Mbl IpuBeseM 0e3 J0Ka3aTelbCTBa.

T | Teopema Jupuxuae. Ecnu pynkmus f(x) c nepuoaom 27 orpaHndeHa u
KyCOYHO-MOHOTOHHA HA O0Tpe3Ke [- 7,7, To pag Dypbe, IOCTPOEHHBIN

st f(x), CXOIUTCS BO BCEX TOYKAX 3TOT0 OTpe3Ka.

IIpu 3TOM:

1) cymma S(x) atoro psaaa paBHa f(x) B TOUKaX HENPEPHIBHOCTU (YHK-
nuu f(x);

2) ecnu TOYKa X=c SBJISETCS TOUKOU paspbiBa f(x), To cymma psiga Oy-

+0)+ -0
pbe S(x)z f(c ) f(c )
2
Ilpumep:

Paznoxure B psig dypwe ne-

puonuYecKyo (GyHKIHUIO C Ie- Y
puonom 2z Ha [0, 27), ]
: T 27
1, xel|0, = ' i : :
eCcliu f(x)= [ ] . =40 ﬂ-i | .
-1, xe(z,27] R -
Pemenue:

Breruncnum kospdumnuentsr Oypee.
YuutpiBag AokazaHHoe B 1m.15.2  yTBepXkIeHHMEe O TOM, 4YTO

a+2rw

2z
.[f(x)dx = J-f(x)dx sl Iepuoanueckoil pyHkmuu f(x) ¢ mepuonom 2w,
a 0
nHTerpansl no [0, 27] MOXHO 3aMEHUTh COOTBETCTBYIOUIMMHU HHTErpaa-

n

1 T
mu o [-7,7z]: a :—I f(x)dx =0, Tak kak moxBIHTErpanbHas (yHKIUs
72- /2

T
I f(x)cos nx dx =0 W3 HEUETHOCTH ITOJBIHTE-
-

rpanbHOU QyHKIUH f(x) CcOS nx;

. 1
ABISAETCSA HEYETHOH; a, =—
T

17 1] ¢ ¢
b —— innx dx = —| [ (=1)sinnxdx+ [ sinnxdx | =
n ﬂ__[[f(x)smnx e =— _J;( )sin nx x+;[s1nnx x
0

T

1| cosnx
n
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Ilpumep:

5 0, ecntu n = 2k — yeTHOE;
=—(cosO—cosnz)=| 4
n —, ecii n = 2k + 1 — HeueTHOE.
n

Urak, pasznoxenue f(x) B psaa Oypbe UMeeT BU:

(%)= 4 {sinx+sin3x+ sin5x+”} 4 isin(znﬂ)x‘

1 3 5 & 2+l

[Toctpoum rpaduku Tpex NepBbIX YACTUYHBIX CYMM psja.

Bunum, 4To ¢ yBenuMueHHMEM 4ucla claraéMblX YacTUYHasi CyMMma Bce
TouyHee npenctasiaser f(x). Haliiem 3HaueHue CyMMBbl OJY4YEHHOTO PAJla;

T T 1 1 1
B YaCTHOCTH, MPU X = — MojydyaeM —=|——+———+
2 4 3 5 7

Paznoxute B psiag @ypre nepruoandeckyr GyHKIIUIO ¢ TEpUOIOM 27, €CITU
Ha OTpe3Ke [— 7Z',7Z'] oHa 3amana Gopmyioii f{x)=x".

y

!
- ﬂ!l: 0 T X

Brrunciaum kodpdunuentsr ypee:

175 . .
b, = —J- x”sinnx dx =0 B culy HEUETHOCTH TIOABIHTETPATbHON QYHKINY;
7[ -
s
T, 1 x 27’ 1: ,
a,=— | x'dx=—— =—,an:—j X" cos nxdx =
T ® T 3 3 T ®
T - T

(MHTETpHUpPYEM 1O YaCTAM)
u=x>, dv=cosnxdx s . gm X
1| x”sinnx 2 .
—— ——J.xsmnxdx =
n

- -

sinnx | =
du =2xdx,v=——| 7« n
n

(elre pa3 UHTErPpUPYEM IO YACTSIM)
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u=x, dv=sinnxdx ,, .
2 X COoS nx 1
= cosmx|=——|—— +—J-cosnxdx =
du=dx,v=— nrw no |, n-
n
4 —, ecmun =2k — 4eTHOE;
n
=—CoSnr ==
n

——,ecni n =2k + 1 — HeyeTHOe.
n

PaznoxeHue B pAa CDpre HUMCECT BUA:

n>  [cosx cos2x cos3x 7’ z“’ (—1)" cos kx
= ——4 —_ R 4 .

Ha pucynke mpuBeneHsl rpa@uku HUCXO- y
HOW (QYHKIIUM U TIEPBBIX YETHIPEX YACTHUU-
HbIX cyMM psga Pypwe Ha oTpeske [0, 7].
B npumepel mnonyuuncs psaxp, coaepika-
Ui TONBKO CHUHYCHI, a B Tpumepe2 —
TOJIbKO KOCUHYCBI KPaTHBIX AYT.

D10 00ycioBIeHO TeM, 4TO B psax dypwe
pasiiaraloTcsi, COOTBETCTBEHHO, HeYeTHas
U yeTHas QYHKIHU.

16.1. Pa3yio:keHue B psi/i YeTHBIX U HEYEeTHBIX PyHKI M
C MePpUOAOM 27

Ilycts f(x) — nepuoauveckas GyHKIHUS ¢ IEPUOTIOM 27.
1). Ecau ¢pyskuus f (x) HeuetHas, f (-x)=- f (x), Bce KO3 PUIIUEHTHI €€ ps-

na @ypbe npu KOCUHYCaX KpPaTHBIX AYT PaBHBI HYIIO ¢, =a, =0, Tak Kak Ipu

stoM QyHkims f(x)-COSnX - TAKKE HEYCTHAs.

) 27 )
Oyukuns f(x)-sinax mpE 9TOM dYeTHas, MOITOMY b, :—jf(x)s1nnxdx, u
T
0

pan Oypbe HeYeTHOM NEPUOINUYECKON (PYHKIUHU CONEPKUT TOJIBKO CHHYCHI

KpPaTHBIX JOYT: f(x) = ibﬂ -sin nx.
n=l
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2). Ecnu ¢yskuus f(x) dyetnasd, f(-x) = f(x), Bce koapduureHTsl b, paBHbI

HyJto0, b,=0, Tak Kak mpu 3TOM QYHKIHS f(x) -sinnx — HEYeTHasl.

2
Oyukuus f(x)-cosnx mpu 3TOM 4eTHAsL, d, :—If(x) dx
V4
2% 9 .
a, :—If(x)cosnxdx, u pag Oypbe 4yeTHOU TepUOAUYECKON (DYHKIIUU CO-
V4
0

a o0
JIEPKHUT TONBKO KOCHHYChI KpaTHBIX Ayr: f(x)=-2+) a, cosnx.

n=1

16.2. Pag ®ypbe 1is1 QYHKIUHU ¢ TPOU3BOJIbHBIM
nepuogom 7=21

[To ycnoBuio f(x+ 21) = f(x).

. [ Vs
Cnenaem 3aMeHy MEPEMEHHOMN, X =—/F, t =—X.
V4
[ [ [ /4
Torga f(x)=f|—t|=f|—t+2l|=f|—t+2-=x |=
T T T t
=f(it+2—ﬂ-itj:f(i(t+27r)j.
s ! T

[
OyHKIHSA f(x) = f(— tj 10 apTYMEHTY { UMEET Nepuos 27.
7T

[
Paznoxum mnepuoguveckyro (QpyHKIUIO C MEepuogoM 27 f(—tj B P
V2

0

dypbe Ha OTpe3Ke [—7z 7z] f(—tj 70+ a, cosnt+b, sinnt), rjae Ko-
T n=1

3(phULHEeHTh HaXOoATCSA O PopMyIaM:

a, _1 I f(itjdt;
r* \rx

a, 1 _[ f(itjcosm‘dt;
T 4

-

:ljf(i ) inntdt.
r° \rx
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. . T T
Bo3Bpamasch Kk cTapoil mepeMeHHOM t:x7; dt :7dx, nosiydaeM psg Oypobe

st QYHKIMU ¢ iepuojiom 2L:

rae a, :—Jf(x)dx; a, :%If(x)cosn%xdx; b, =%If(x)sin%xdx;

Ilpumep:

Pasnoxure B psan ®ypse Gynkunio f (x)=|x| na orpeske [—l,l].

2 /
Tak xak ¢ynkuus uernas, b,=0, q, =—jxdx =1,
0

! ! 2
an:gJ‘xcosﬂxdx:% Lxsinﬂx —Ljsinﬂxdx:g- ! 5 COS—Xx| =
I+ l nr o| nmy 1 [ (n7) 0
0, ecnun —uernoe, n=2k;
2/
T i (cosnz ~cos0) = —4—12,GCHI/II’1H€‘{6TH0€, n=2k+l1.
(2k+1) =°

16.3. Pazjioxkenue B paa Oypbe Henmepuoau4ecKux PyHKUUM

CymmMma psaga @ypbe ecTh nepuoaunueckas QyHKIUs, TO3TOMY HENepHo-
JUYECKYI0 KYCOYHO-MOHOTOHHYIO, 3alaHHYI0 Ha HWHTEpPBale (—oo,oo) byHK-

U0 HeNb3sd npeactaButh psaaoM dypre. Ho MOXHO pas3iiokuTh €€ B psl
dypbe HA TI0OOM KOHEYHOM MPOMEXKYTKE.
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Hna dynkuuu f(x)

y Sx)

[Toctpoum GyHKIIHO (p(x)

- o)

' I X

»
»

/

|
-21 -1 0 [ 21

TaKy, 4TO (o(x)zf(x) TUISt xe(—l; Z), a Ha BCIO JE€HUCTBUTEJIBbHYIO OCh OHA
MPOJOJKACTCS MEPUOUYCSCKU ¢ TIepruoaoM 2/ :

go(x) = go(x+ 21).

DOyHKUMUS (p(x) pasnaraercs B psaa @ypwe (m. 15.5), npuueM B TouKax

X =+ / BBIIIOJHSAETCS:

b

S(1)= (I1-0)+¢(/+0)

2
rae (p(l—O):f(l—O),go(l+0):g0(—l+0):f(—l+0),
TO €CTh S(l):f(l_0)+2f(_l+0), S(-1)=S(1).

Wrak, ecnu nmpousBobHast GyHkuus f(x) 3anana Ha untepsane (0,/), ee
MOXHO IPEJCTABAUTH B BHAC NMePHOAMYECKON (QyHKunn ¢(x) ¢ mepuoiom

2], nomoysHUB (IPOIOJIKUB) f(X) MPOM3BOJBLHBIM 00pa3oM HEKOTOPOW Ky-
COYHO-MOHOTOHHOMU GyHKIueii f,(x) Ha naTepsan (—1,0) Taxk, 4ro:

f(x), xe(O, l);

o(x)=
fl(x), xe(—l, O).

Tak Kak UpomoKEeHHE f(x) mepBOHAYaNbHO 3aJaHHON (yHKIHH f{X)
MOXET OBbITh BBHIOpAaHO OECUHUCIEHHBIM MHO>ECTBOM CIOCO0OOB, TO CYIIECT-
BYeT OECUHMCIEHHOE MHOXECTBO psaoB Pypbe, KOTOphIE cXoAATcs K f(x) B
unrepsaie (0,/).
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Cpenu pa3nuyHbIX NPONOJDKEHUH f(x) BbIOEpEeM 4YeTHOe U HedYeTHOoe
NPOJIOJKEHUSA, B PE3yJbTaTe KOTOPBIX MOJIydyaTcs paszioxeHus f(x) nubo mo
KOCHUHYCaM, JTU00 M0 CUHYyCaM KPaTHBIX AYyT COOTBETCTBEHHO.

1. Ecmu f,(x)=f(-x), xe(-/0), fi(x) y  fx)

[ee]

TO f(x):ﬁ+ ancosnlﬂ,

n=1

A

\
\

|
|
1
[IERY
|
|
1
|

2 /

rae a, :7.([f(x)cos@dx, xe(0,17), y ' \\0 ; ;
n=1,2,
Ecmu f,(x)=-f(-x), xe(-1,0), Ax)

T0 f(x)= ibn smg,

/ i -/ ; =x
b, ==[f(x)sin==dx, xe(0.1)

0 fix)
Ilpumep:

X
Paznoxwure f (x)=1, 3agannyto Ha uHTepBaie (0,7), MO CHMHycaM U KO-

CI/IHycaNll KpaTHBIX OYT.
Pemenue:

1). xe(O, 72'), [=r.

[Mponomxum f(x) Ha uaTepBan (-7, 0) HEUETHBIM 00pa3OM:

AV
1

torga a, =0,

bnzzjl-sinnx dy = 2. S0 =—i(cos7m—l):
Ty T n |, an
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0, ecnmu n=2k deTHOE,

:__((_1) -1)= L, ecnu n =2k +1 HeueTHoe.
72(2/(—1)

sin3x sinSx
+ +...

Urak, 1= i(sin X+
Vs 5

k=

”kl

1s1n 2k 1)

2). llponomxkum f (x) Ha uaTepBan (-7,0) 4eTHBIM 00pa3om,

A

y
| |,
- 0 T X
torga b, =0
a, :EJ.1~dx:2,
T
2 sinnx|”
a, :—jl cosnx dx =—- =0
T n |

u 1:1+20-cosnx:1.

n=1

16.4. Komniekcuas ¢popma psaa @ypsbe

Psiy @ypee nus dyskuun f(x) ¢ nepuogom 2/ nMeer BUA:

f(x)= Lo, Z(an oS x + b, sinﬂxj,
P — [ [
e

:ljf(x)dx; a, = Jf cosn—xdx b, If sm—xdx

HpeoGpasyeM €ro K KOMIUIEKCHOU (hopMe C TTOMOTIIBIO (bopMyn 3Hnepa
i _ e’ +e e’ —e
e :cos¢)+zsm¢),cos¢:T,sm(p: 5
i
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T
O003HaUNM 7 =w.

Torna

inwx —inwx inwx —inwx
e —e

2i

:@_’_Z a, _ibn eina)x+an +ibn e—ina)x ,
2 2 2

n=1

0

wi f(x)=c,+ Z(cnei”“’x + cfne*i”“’x), I/ BBEJEHBI 0003HAUEHHUS:

—ib a, +ib
co=—r,C, =——*+,c_, =——+

n sY—n T :Z»WEN.
2 2 2

[TosrydnM BbIpaxeHUs! 1711 KOMIUIEKCHBIX KOA(()ULIUEHTOB ¢, U C_,:

_a,—ib, 1[1

l 1
¢, ==——=7 7£f(x)cosnwxdx—i%J;f(x)sinna)xdx =

:%jf(x)[cos(—na)x) + isin(—na)x)]dx = %jf(x)ei””xdx.

- =l

a, +ib,

AHaJIOTUYHO JUIsl C_, UMEEM C_, = 5

!
:%J‘ f(x)e"dx,rne n=12,...
%

/
IIpu n =0 umeem ¢, =%=2ilj‘f(x)dx.
-1

Eciu cuntate HOMEp 7 HE HaTypaJlbHBIM, a LeJIbIM uuciom, n =0, 1, £2, ..,
Bce (OPMYJIBI JJIS1 BEIYHCICHUS KOA(DPHUIIMEHTOB psijla MOXKHO 3alucaTh €IMHO00-

inmx

!
pasHo: c, :%jf(x)e Pdx,n=0, £1, £2, ..., a cam psag Oypbe B BUJIC
-1l

inzx

F()=Yce!

n=—oo

Ota cyMMa HasbiBaeTcsa psaaoM dypbe B KOMIUIEKCHOU (opMme, ciararomue ee

inmx

GyHKIIMM  c,e ! - KOMIUIEKCHBIMH TapMOHHKaMH, K03()QuuueHTs

C, - KOMIUIEKCHBIMHU aMIVIMTYyAaMHU I'apMOHHUK.
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Ilpumep:
Pa3noxute B KOMIUJIEKCHBIM psl
dypbe MNEPpHOIUYECKYIO (YHKIIHIO ¥
f(x) Cc mepuoaom 2m, €CIH Ha A :
-], .
_ —1T! : i
1, xe[0,7]; 2 g | | x
f(x): N - S P
—l,xe(—ﬁ,O).
Pemenue:

BrrunciuMm kommiekcHble K03 dunuentsr ypoe:

< =i]if(x)dx=0;
¢, = ij f(x)e™dx = i( j f(x)e™ dx+ ! f(x)e_i"xde =

O T L A L i’
:g(—[[e dx+!e dx}:EU +_[ Je dx:%Z
0, n=2m,

2 meZ.
ni —— n=2m+l,
iﬂ(2m+1)

_1—c0s7m_

Beimumenm pasnoxenne f(x):

eix _e—ix e3ix _e—Six eSix _e—Six
— + —+ —+...|=
2i 3-2i 5-2i

4 (sinx sin3x sin Sx
T 1 3 5

4 & sin 2n+1
R S

o 2n +1

Kak BuaHO, mo KoMILUIeKCHOW (popme psma Dypbe JErKo BOCCTaHABIMBACTCS

ero oObIUHBIN BUA (0OBIYHOE pa3lIoKEeHHE OBLIO MONyUYeHO paHee, cTp.132).
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16.5. UuTerpaa ®@ypnbe

OyHKIUIO f(x), yIOBJIETBOPSIONIYI0O HA OTpE3Ke [—Z;l] yCIIOBUSIM TEO-

pembl Jupuxiie, MOXKHO Pa3joXuUTh B psaa Dypbe:

o0

f(x)==2+>(a,cosk,x+b,sink,x);

I
rae a, :%J‘f(x)cosknxdx, (n=0,1,2,...);
5

/

b, =Hf(x)sinknxdx, (n=1,2,...),

=1
n
¥ BBEJIEHO 0003Ha4YeHHUE: K, =7 (Tak Ha3pIBacMbI€ BOJIHOBBIE YHCJIA).

@yukuus f(x) MoxeT GBITh MEPHOAMUECKON ¢ mepuoxoM 2/ niu Here-
propMYecKoil. B mocieqHeM ciydae IpeimonaraeTcs, 4rto ¢ orpeska [—I;/]

Ha BCIO YMCJIOBYIO OCh (DYHKIIUSI TPOJOIKEHA MEPUOJUYECKHU.
Paccmotpum cityuaid, korja Henepuoandeckast GyHKIMS 3a/laHa Ha BCEU 4u-
CJIOBO# OCH (—oo;oo), Ha JJI0OOM KOHEYHOM OTpE3Ke [—l ;1 ] YIOBJIETBOPSET yCIO-

BUAM TeopeMbl Jlupuxie u a0CoJIOTHO MHTerpHpyeMa Ha Bceil umcioBoif
o0
ocu, T.e. Hf(x)‘dx:M<oo.

[ToncraBuM B psa 3HauUeHUs KO3((HUIUEHTOB a, U b, :
i w 1 1
f(x) =2il | f(t)dt+Z% [ 7 (#)(cosk,xcosk,t+sink,xsink,¢) dt =
.y n=1 % _y

:%if(t)coskntdt+%gif(t)-coskn (x—t)dt.

Yerpemum [ k 0eckoneunoctu. [Ipeaen nepBoro ciaraeMoro

lim|—

Io>o0 Jf t)dt|<lim— _Hf ‘dt<11m Hf dt—hm%l:O.

l—>oo l—)oo >

[IpeoOpaszyem BTOpOE ciaraemoe (CyMmy):
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1S T 7(0)-cosk, (x=0)dt=1 Y F(k,), e F (k)= [ £ (1)-cosk, (x—1)d

Z n=1 _j n=1

(3TOT MHTErpaja 3aBUCHUT U OT X, HO B JaHHOM CJIy4ae HacC MHTEPECYET TOJIb-
KO 3aBUCUMOCTb OT BOJIHOBBIX 4HUCEI K, ).

n
3aMeTUM, 4YTO BOJIHOBBIE 4HuCJIa k, =— 00pa3yloT apUPMETUUECKYIO IPO-
[

V4 :
IPECCUIO C PA3HOCTBIO Ak, :7, npu4em }1mAkn =0. D10 mo3BoJIsIET NMPe0od-

—>0

pa3oBaTh CyMMYy:

1& 1 & 7 1
SN F(k) ==Y F(k)E=2Y F(k,) Ak
2 (k)= 2 F (k)7 =2 F (k) Ak,

nocJjielHEEe IPEICTAaBICHUE MO3BOJAET pacCMaTpUBaTh psJ KaK HHTErpallb-
HYIO CYMMY:

1L 17
lg;;F(kn)-Akn—”‘([F(k)dk,
niIn
17 15 %
f(x)—;_o[F(k)dk—;}[dkJ;Of(t)cosk(x—t)dt.

Ota Popmyna HazbiBaeTca popmyJioil dypbe, a UHTETpall, CTOSIIUN B
IpaBou 4dacTh, — MHTerpajom @Dyppe. OyHkuUA F(k) Ha3bIBACTCS CHEK-

TPAJbHOM IMJIOTHOCTHIO.
DT0 Ha3BaHUE CBA3aHO CO CIEAYIOUIUMHU OOCTOSTEIHCTBAMH: IS Tie-
puonuvyecko  QpyHKIUU f(x) ¢ mepuoaoM 2/ Habop BEJIWUYHUH

_ 2 2 )
D, =\la,’+b,° mnokaspiBacT, B Kakoil Mepe B pasznoxenuu Qynkuun f(x)

nwx . nrwx
NpCACTABJICHBI PA3JINYHBIC TapPMOHHKHU COST, SIN—— W HAa3bIBACTCA

cnekTpoM QpyHKumum f(x).
Jlast mepuoanyeckoit GyHkuun f(x) CHeKTp - GyHKIMS LEI0YUCICHHO-

ro apryMeHTa, T.€. IOCJIeA0BATEIbHOCTh, BEJUYUHBI OTACIbHBIX YJIIEHOB KO-
TOPOM MOKa3bIBAET BKJIAJ COOTBETCTBYIOIIUX TAPMOHHUK (f(x) COCTaBJIsSIETCS

KaK cymMMa 0E€CKOHEUYHOro, HO C4eTHOr0 KOJU4YecTBa rapMoHukK). [ns nene-
pUOAMYECKON (PyHKLIUU f(x) B PA3JI0KEHUHN €€ HA NPOCTEUIINE NIEPUOINYE-

CKHE COCTaBJAIONIME NPUCYTCTBYET HECUETHOE KOJMUYECTBO ClaraeMbiX (MH-
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rerpan), BenuunHa F (k)Ak onuceiBaeT BKJIaJ rapMOHHK C BOJHOBBIMU YHC-
namu u3 untepsana (k -4k +45).

HNuterpan @ypre MOXKHO MpEICTaBUTh B BUJE, M0og00HOM psiay Dypre:

£(x) = [(A(k)cosx-+ B (k)sinx) dk

TrAc
(k) =L [ £(0)coskear, BK)=L [ 7(1)sinkeat,
T 7T 2

¥ BBEJACHHBIC paHEE aMILIUTY bl D(k) = \/A2 (k)+B2 (k)

B pesynbprare nzydeHus MaTepuaa, U3JI0KEHHOIO B 3TUX JIEKLHAX,
CTYJIEHT JIOJKEH 3HaTh:
" QmpeleseHUue TPUTOHOMETPUUECKOro psiaa U psana Oypbe NJaHHOW MEPUOAUYECKON
bynkuu;
" JIOCTaTOYHBIE YCIOBHUS Pa3aokKUMOCTH QyHKIUH B psag Pypoe (yenosus du-
puxie);
*  0COOCHHOCTHU PA3NIOKEHUN YETHBIX U HEUETHBIX (DYHKIIHA;
"  pasnoxeHue B psi Pypre QYHKIMI MPOU3BOJIBLHOTO MEPUOJIA;
"  [IpeJCTaBJIEHHE HEeNepuoanuecKo GyHKImH psaom Pypoe.
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